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ABSTRACT
Competence in  algebra requires knowledge o f pa rsing  and 
transfo rm a tions. The parsing com ponent specifies the s tru c tu re  o f 
a lgebraic expressions based on conventional operation h ie rarch ies. The 
tra nsfo rm a tio na l com ponent specifies the rea l num ber properties used 
to  tra nsfo rm  algebraic expressions in to  equivalent form s. In  standard 
m odels o f m athem atical cognition, both com ponents are conceived as 
s tric tly  p repo sitiona l dom ains (e.g., Anderson, 1983a).
K irshn e r (1989b) dem onstrated th a t parsing knowledge in itia lly  is  
apprehended in  a v isu a l (non-propositional) m oda lity. Th is d isse rta tion  
extends th a t v isu a l analysis beyond parsing to  the transfo rm a tiona l 
com ponent. I t  is  proposed th a t transfo rm ations range on a con tinuum
from  h ig h ly  p repositiona l (e.g., x(y_1) = —, x2 - y2 = (x - y)(x + y)) to  h ig h ly  
v isu a l (e.g., (xy)z = x 5'2, (xy)n = xnyn). I t  is  hypothesized th a t v isu a l ru les
are: (1) easier to apprehend in itia lly , b u t (2) less easily constra ined to
th e ir proper contexts o f app lica tion . Thus com m on errors lik e
a + b b n/-— r- n/~  n/7-
—— — - — and va + D - v a + vD are analyzed as overgeneralizations
cL + C C
o f v isu a l ru le s  lik e  —  -  — and Vab = \/a  \/b , respectively.
ix
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Two groups o f algebra neophytes were ta u g h t a m ix tu re  o f v isu a l 
and nonvisua l ru les. One group was ta u g h t using  o rd in a ry  algebraic 
n o ta tio n ; the  o ther using  a syn tactic  tree n o ta tio n  w h ich  d is to rts  the 
v isu a l s tru c tu re  o f o rd ina ry n o ta tio n , fo rc ing  p repo sitiona l level lea rn ing  
fo r a ll ru les. Each group was evaluated using  recogn ition  tasks, w h ich 
were app lica tions o f ru les th a t had been tau gh t, and re jection  tasks, to  
w h ich  no ru le  applied though one ru le  nearly applied. R ecognition tasks 
assess the  studen ts’ in itia l ru le  a cq u is ition . R ejection item s in v ite  
overgeneralization o f ru les.
In  tree n o ta tio n  the tw o ru le  types were equally d iffic u lt to  
recognize, b u t in  o rd ina ry no ta tio n  v isu a l ru le s were s ig n ifica n tly  easier 
to  recognize tha n  p repositiona l ru les. For re jection  tasks in  tree 
no ta tio n , v isu a l and prepositiona l item s were equa lly d iffic u lt. In  
o rd in a ry  n o ta tio n  the v isu a l item s tended to  be m ore d iffic u lt to  
constra in  th a n  prepositiona l item s; though because o f basem ent effects 
these differences were s ig n ifica n t on ly in  some cases. The v isu a l salience 
co n stru c t is  m ore fu lly  analyzed in  the  C onclusions section.
x
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CHAPTER 1 
STATEMENT OF THE PROBLEM 
C onditioned R esponse
Response con d ition ing  is  one o f the  longest know n and m ost 
stud ied  adaptive responses in  the  psychological lite ra tu re . Pavlov’s dog 
salivated a t the  sound o f the  b e ll, no t because the  b e ll made h im  hungry, 
b u t because the happenstance o f h is  environm ent sequenced tw o stim u li 
in  close tem poral p ro x im ity  to  one another. H is response involves a 
sim ple reparsing o f ru le  s tru c tu re s : (1) W hen b e ll, food. (2) W hen food, 
sa livate . R esult: (3) W hen be ll, salivate.
Subsequent advances in  psychology have broadened th e  s tud y o f 
m ind  to  inc lude  m ore re flective  cognitive fu n ctio n s, b u t Pavlov’s in s ig h t 
has n o t been abandoned. C uiTent theories s till recognize the  necessity 
to  account fo r such reassociating. For instance, in  th e ir the o ry o f 
in d u c tio n , H olland, H olyoak, N isbett, and Thagard (1989) specify 
recom bination in  the fo llow ing  term s:
In fe re n tia l ru le s  do n o t operate on random ly selected 
s tru ctu re s. Instead they e xp lo it the  com bina toric advantages o f 
b u ild in g  blocks and h ie ra rch ies, com posing new s tru c tu re s  
th roug h  recombination o f o ld  ones.
1
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2The idea un derly in g  procedures o f recom bination is  th a t the 
m ost use fu l pa rts  o f existing  u n its  can be extracted and 
recom bined in  novel ways. There are tw o basic sources fo r new 
ru le s , nam ely, inputs fro m  the environm ent [ita lic s  added], w h ich  
can e xh ib it novel com binations o f p roperties and re la tio n s, and 
ex is tin g  s tru c tu re s , w h ich  can be transform ed o r com bined, 
serving as sources o f tested b u ild in g  blocks. R ecom bination can 
operate a t d iffe re n t levels. Parts o f the  cond itions and actions o f 
in d iv id u a l ru les can be recom bined to  fo rm  new ru le s , as can 
en tire  cond itions and actions....
C learly, any scheme fo r the recom bination o f b u ild in g  b locks 
depends on techniques fo r id e n tify in g  those b u ild in g  b locks th a t 
are m ost lik e ly  to  generate p la u s ib ly  use fu l new  s tru c tu re s . ... [We 
describe] three m ethods to  constra in  ru le  generation: ... (2) rules 
and messages active a t the same tim e are most like ly  to be 
recombined [ita lic s  added] ... (p. 82).
Thus, whereas cu rre n t fram ew orks a ttem pt to  account fo r a fa r broader 
range o f cognitive phenom ena than  behavio rist theories had done, 
cu rre n t theories s till re ly  on associations between environm enta lly 
concu rren t s tim u li.
Through such processes, algebraic ru le s  can become v is u a lly  
in s ta n tia te d . Because o f repeated exposure to  algebraic s tru c tu re s
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
3w ith in  th e ir v isu a l environm ent, learners m ay come to  associate 
p re p o s itio n a l ru le  s tru c tu re s w ith  concurren t v isu a l con figura tions. And 
lik e  the  b e ll in  Pavlov’s study, such v isu a l cues are n o t in trin s ic  in  the 
know ledge o f the algebraic s tru c tu re . They are on ly happenstances o f 
the  environm enta l context; on ly a rtifa c tu a l to  the essentia lly 
p re p o s itio n a l algebraic s tru c tu re .
P resum ably Davis (1979) in tends some such cognitive adaptation 
in  h is  n o tio n  o f visually-moderated, sequences:
M any m athem atica l tasks have a ce rta in  quasi-period ic s tru c tu re : 
one sees som ething, w h ich  leads to  the re trie va l and execution o f 
some procedure; the execution o f th is  procedure yie lds a m odified 
v isu a l in p u t, w h ich  leads to  the re trie va l and execution o f the  next 
segm ent o f procedures, and so on. One th u s  has a sequence o f 
v isu a l in p u t, procedure execution, new v isu a l in p u t, procedure 
execution, ...(p . 2).
Thus classica l psychological theory gives us a w ay to  understand 
v isu a l cues as deeply enmeshed in  algebraic th in k in g , w h ile  a t the  same 
tim e  the basic coherence o f algebra as a cognitive enterprise rem ains 
vested in  its  abstract p repositiona l s tru c tu re . T h is is  the m odel fo r 
e x trin s ic  v isu a l s tru c tu re .
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Intrinsic V isual Structure
K irshn er (1989b) describes a m ore in trin s ic  ro le  fo r v isu a l cues in  
the  developm ent o f algebraic knowledge s tru c tu re s . Competence in  
algebra includes the  a b ility  to  assign the conventiona lly accepted parse 
to  a lgebraic expressions. For instance, 1 + 3x2 is  in te rp re ted  as 
1 + [3(x2)], and n o t as 1 + [(3x)2], (1 + 3)(x2), o r any o f the  a lte rna tive  
parsings th a t are possible fo r the expression.
The knowledge s tru c tu re  u su a lly  presum ed to  u n derlie  com petence 
in  pa rsing  is  p ropo sitiona l in  na tu re . U sing a tra d itio n a l h ie ra rch y o f 
opera tion levels (Schwartzm an, 1979), th is  parsing  ru le  is  concisely 
stated in  Table 1.1.
Table 1.1
C onventional O peration Levels H ierarchy
Level O perations
1 A d d itio n  S ub traction
2 M u ltip lic a tio n  D iv is ion
3 E xponentia tion R adical
S yntactic C onvention 
H igher level operations have precedence over low er level operations.
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5Thus 1 + 3x2 is  parsed 1 + [3(x2)], because in  th is  h ie ra rchy, 
exponentia tion is  a h igher level operation th a n  m u ltip lic a tio n , w h ich  in  
tu rn  is  a h igher leve l operation th a n  ad d ition .
S im ila rly  th is  ru le  can be used to  successfu lly parse any 
expression consisting  o f operations o f unequa l levels fo r w h ich  
parentheses (or o the r fo rc ing  markers) do n o t d icta te  the  parse d ire c tly  
(e.g., In  3(x - 1) the  parentheses override the norm a l h ie ra rch y by g iv ing  
precedence to  the  low er level operation, su b tra ctio n .). P ropositiona l 
versions o f th is  ru le  are a standard elem ent o f the  algebra cu m cu lu m .
K irshner’s (1989b) co n trib u tio n  was to  dem onstrate th a t the  v isu a l 
s tru c tu re  o f algebraic n o ta tio n  is  n o t a rb itra ry  w ith  respect to  the 
p ropo sitiona l h ie ra rchy o f operation levels, b u t h ig h ly  corre lated w ith  it. 
As is  shown in  Table 1.2, operation level can be recast in  a v isu a l ra th e r 
th a n  p ropositiona l mode.
Table 1.2
V isu a l O peration Levels H ierarchy
Level V isua l O perations Exam ples
1 W ide Spacing a + b , a - b
2 H orizonta l o r ve rtica l ju x ta p o s itio n , a ab, — b
3 D iagonal ju x ta p o s itio n a b, 7b
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6Thus the  pa rs ing  ru le  can be re in te rpre ted  in  v isu a l ra th e r th a n  
p ro p o s itio n a l term s: diagonal ju x ta p o s itio n  has precedence over 
h o rizo n ta l o r ve rtica l ju x ta p o s itio n , w h ich  have precedence over w ide 
spacing; ra th e r th a n  the  m ore usua l, exponentia tion and ra d ica l have 
precedence over m u ltip lic a tio n  and d iv is ion , w h ich  have precedence over 
a d d itio n  and su b tra c tio n .
K irsh n e r (1989b) found evidence th a t the  v isu a l s tru c tu re  o f 
a lgebra ic pa rs ing  is  apprehended by novices p rio r to  the p ropo sitiona l 
s tru c tu re  (w hich, fo r some students, never fu lly  develops). Thus v isu a l 
cognitive s tru c tu re , in  th is  instance, does n o t emerge a fte r-th e -fa c t from  
a rb itra ry  sequencing o f s tim u li in  the ta sk environm ent; no r is  i t  
a n c illa ry  to  the  ‘tru e ’ p ropositiona l underp inn ings. R ather v isu a l 
s tru c tu re  is  im p lica ted  as in trin s ic  to  pa rsing  com petence in  elem entary 
algebra.
The V isual Structure Of Transform ational R ules
T h is s tu d y seeks to  extend the fin d in g  o f in trin s ic  v isu a l s tru c tu re  
from  the pa rs ing  com ponent o f algebraic know ledge to  the 
tra n s fo rm a tio n a l com ponent. T ransfo rm ationa l ru le s  are the  h e a rt o f 
algebra. W hereas parsing  ru le s represent conventional agreem ents 
concern ing the  in te rp re ta tio n  o f s trin gs o f sym bols, tra nsfo rm ations are 
the  a c tu a l con ten t o f algebra.
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A  tra nsfo rm a tio n  is  a ru le  th a t takes as in p u t one algebraic 
expression and ou tpu ts  a new expression (w ith  a d iffe re n t s tru c tu re  o f 
operations). The difference o f squares ru le ,
(1) x2 - y2 = (x - y)(x + y), 
is  an exam ple o f such a transfo rm a tion . W hen applied to  an algebraic 
expression w ith  ce rta in  s tru c tu ra l properties (e.g., (3x)2 - (x + l) 2), it  
y ie lds a new expression ([3x - (x + l)][3 x  + (x + 1)1). T h is ru le  can be 
expressed in  a fu lly  p ropo sitiona l form : W hen an expression is  a
d ifference o f tw o squared qu an titie s, i t  is  equivalent to  a new expression 
w h ich  is  the  p rodu ct o f the  sum  and difference o f these tw o qu an titie s.
A no ther exam ple o f a tra nsfo rm a tio na l ru le  is
(2) (xy)z = x*2.
I t  too can be expressed in  a fu lly  p ropositiona l form : W hen an expression 
consists o f a q u a n tity  ra ised to  a power and the re su lt is  ra ised to  
another power, it  is  equiva lent to  a new expression in  w h ich  the q u a n tity  
is  ra ised to  the  p roduct o f the  tw o powers. B oth the parsing com ponent 
and the tra nsfo rm a tio na l com ponent are s ig n ifica n t dom ains to be 
m astered in  the stud y o f elem entary algebra.
The thesis o f th is  d isse rta tio n  is  th a t the v isu a l s tru c tu re  o f ce rta in  
tra n sfo rm a tio n a l ru le s  (e.g., ru le  2 above), b u t n o t a ll tra nsfo rm a tio na l 
ru le s  (e.g., ru le  1 above) as presented in  o rd ina ry algebraic n o ta tio n  is
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8im m ediate ly sa lien t. As K irshn e r (1989b) has dem onstrated fo r the 
pa rs ing  com ponent, i t  is  proposed here th a t v isu a l s tru c tu re  enters in to  
the  know ledge o f transfo rm ations, n o t because o f a rb itra iy ju x ta p o s itio n  
o f stim u li in  a ta sk  environm ent, b u t because o f the  in trin s ic  v isua l 
salience o f the  ru le s. T h is hypothesis is  the to p ic  o f the  present study, 
and em p irica l evidence w ill be offered to  support it.
In  some ways, th is  proposal ra ises m ore questions th a n  i t  answers. 
I f  the re  is  an in trin s ic  v isu a l salience to  ce rta in  ru le s, b u t n o t others, 
the n  w ha t are the  v isu a l cha racte ristics th a t are cogn itive ly operative? 
U n like  K irshn er (1989b), th is  stud y does n o t begin w ith  a detailed 
hypothesis concerning the  m echanism s unde rly in g  v isu a l salience. 
R ather the  stud y seeks em p irica l support fo r the general v isu a l salience 
hypotheses, leaving q u a lita tive  speculation concerning the actua l 
m echanism s fo r the conclud ing chapter.
Statem ent Of H ypothesis 
By propositional knowledge I m ean consciously deployed knowledge 
fo r w h ich  the  e xp lic it s tru c tu re  is  know n, the con text o f a p p lica tio n  is  
know n, and the re la tion sh ips between it  and o ther dom ains are know n 
(G entner &  Stevens, 1983; Johnson-La ird , 1983). PropositionaUy 
acquired knowledge is  in trospe ctive ly  accessible know ledge consciously 
acquired as a ru le . Im p lic it knowledge is  n o t consiously acquired, b u t 
ra th e r evoked from  the s tru c tu re  o f the  expression. I t  is  know ledge fo r
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9w hich  the  e x p lic it s tru c tu re  is  n o t know n, the  con text o f a p p lica tio n  is  
n o t know n, and the re la tion sh ips between it  and o ther dom ains are n o t 
know n (Fodor, 1983; Lew icki, 1986; M athews, Buss, C hinn, &  S tanley, 
1988; Reber, 1990). Im p lic itly  acquired knowledge is  in tro sp e ctive ly  
inaccessible knowledge unconsciously acquired.
The tra nsfo rm a tio na l com ponent o f elem entary algebra seems n o t 
co n sis ten tly  to  be a cognitive dom ain o f p ro p o s itio n a lly  in s ta n tia te d  
ru le s . Some ru le s do have a  p ropo sitiona l character: fo r exam ple, 
x (y_1) = _ ; x2 - y2 = (x - y)(x + y); (x - y) + (w - z) = (x + w) - (y + z); and
(x - y)2 = x2 - 2xy + y2. B u t o ther ru les seem to  have im m ediate ly sa lie n t 
v isu a l p roperties: fo r exam ple, x (y  - z) = xy  - xz; x(yz) = (xy)z; (xy)2 = x 3'2;
(—)(—) = — ; x (Z ) = —  : x yx z = x y*z; and (xy)z = x zy z. I propose th a t 
y  z yz z z
v isu a l ru le s are easier to  apprehend in itia lly  th a n  p ropo sitiona l ru le s , b u t 
consequently harder to  understand. T hat is , because o f th e ir im m ediate 
v isu a l salience, students can m ore easily recognize and feel a t ease w ith  
v isu a l ru les, b u t, they m ay be in c lin e d  to  gloss over th e ir p ro p o s itio n a l 
m eaning. Thus, paradoxica lly the "easier" ru le s m ay be the  s ite  fo r 
pe rs is ten t bugs and errors.
Overview Of The Study  
S yntactic tree n o ta tio n  was used to  evaluate th is  hypothesis 
concerning tra nsfo rm a tio na l ru le s. Tree n o ta tio n  u tilize s  trees w h ich  are
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fin ite ly  connected d irected graphs w ith  a specified in itia l node (E rnest, 
1987, p . 345). For an exam ple, in  F igure 1.1 the difference o f squares 
tra n sfo rm a tio n , x 2 - y2 = (x - y)(x + y), is  encoded in  tree n o ta tio n  (where 
A , S, M , and P represent a d d ition , su b tra ctio n , m u ltip lic a tio n , and 
pow er, respective ly).
F igure 1.1. Tree D iagram  o f D ifference o f Two Squares T ransfo rm ation
S yntactic tree n o ta tio n  is  a stra igh tfo rw a rd  representa tion . The 
upperm ost operation o f the  syn tactic tree is  the  expression’s p rin c ipa l o r 
dom inant opera tion (K irshner, 1987). In  the  firs t tree, above, one fin d s  
su b tra c tio n  as the  d o m in a n t operation, b reaking the  expression in to  tw o 
subexpressions, each o f w h ich  has power as its  dom inant opera tion. The 
tree then  is  read as the  sub tractio n  o f two powers, the  firs t be ing x  power 
2 and the  second being y  power 2.
Tree n o ta tio n  expresses the p ropo sitiona l con ten t o f a 
tra n s fo rm a tio n a l ru le , w h ile  d is to rtin g  its  usua l v isu a l form . The 
hypothesized effects o f v isu a l salience are expected to  be absent in  tree 
n o ta tio n . Tree n o ta tio n  th u s  serves as a baseline fo r com parison o f 
v isu a l and p ropo sitiona l ru le s in  o rd ina ry no ta tio n .
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The basic stra tegy o f investiga tion  is  as fo llow s: Two groups o f 
novices were ta u g h t a m ix tu re  o f v isu a l and p ro p o s itio n a l ru le s, one 
group in  o rd in a ry  algebra no ta tio n , and the o ther in  syn tactic  tree 
n o ta tio n . Each group was then  given a com petence te s t (in  th e ir own 
n o ta tio n a l form ) in  w h ich  they were asked to  id e n tify  va lid  
tra nsfo rm a tio ns. I f  the  hypothesis is  correct, a greater fa c ility  fo r 
le a rn in g  the  v isu a l ru le s re la tive  to  the  p ropositiona l ru le s  should be 
observed in  o rd ina ry n o ta tio n , b u t n o t in  tree n o ta tio n . The tree no ta tion  
shou ld  e lim ina te  the advantage o f the  v isu a l ru les.
In  a d d itio n  to  the  recognition tasks  w h ich  assessed the 
id e n tific a tio n  o f va lid  transfo rm ations, the com petence te s t included 
rejection tasks. These tasks were near m isses to  the ta u g h t ru le s - they 
d id  n o t present actu a l transfo rm a tions. Such tasks assessed the a b ility  
to  con stra in  the a p p lica tio n  o f ru les. In  o rd ina ry n o ta tio n  the hypothesis 
p red icts greater success fo r p ropo sitiona l ru le s th a n  fo r v isu a l ru les. 
(Tree n o ta tio n  re su lts  shou ld  be the same fo r the  tw o ru le  types.) These 
re su lts  w ou ld dem onstrate an in trin s ic , ra th e r th a n  a rtifa c tu a l, 
connection between the  tra nsfo rm a tio na l ru le s o f algebra and the v isu a l 
s tru c tu re  o f o rd ina ry no ta tio n .
Educational Im plications
Several stud ies in  the  psychology o f algebra concern ing errors in  
algebra (Booth, 1988; D avis, 1979; Lew is, 1980; Lew is, M ilson, &
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Anderson, 1987; M atz, 1980; Thom pson, 1989) have observed th a t
3. + b  bce rta in  errors (e.g., (x + y)2 = x2 + y2; ---------  = —) are w ide ly  encountered
3  + C C
and m ay be extrem ely d iffic u lt to  rem ediate. The present hypothesis 
helps us to  understand the  source o f these errors as resid ing  in  ce rta in
tra nsfo rm ations (e.g., (xy)2 = x ^ 2; —  = —) th a t, because o f th e ir v isu a l
ac c
salience, have been easily apprehended in itia lly , b u t less easily 
understood in  the p ropositiona l term s th a t m ig h t constra in  th e ir 
overgeneralization. The educational p re scrip tio n  is  to  fin d  ways to 
problem atize these transfo rm ations a t the  ea rly lea rn in g  stages so th a t 
they are m ore fu lly  apprehended a t th a t tim e.
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CHAPTER 2  
REVIEW OF THE LITERATURE
A lgebra is  a filte r to  careers in  m athem atics- and science-related 
fie ld s  (C arpenter, C o rb itt, Kepner, L in dqu is t, &R eys, 1981; H art, 1981). 
Its  abstractness o f representa tion and concise n o ta tio n , bo th  o f w h ich  
are new to  learners, con trib u te  to  its  d iffic u lty  (K aput, 1989; P im m , 
1987). Its  language, w h ich  bo th  represents and com m unicates, m u st 
lin k  the  underly ing  p ropositiona l content w ith  the v isu a l sym bolic fo rm  
o f a lgebraic expressions. I t  is  these linkages w h ich  th is  stud y exam ines. 
A  com ponentia l perspective, w h ich  th is  study w ill use, is  convenient fo r 
such an analysis o f algebra.
Com ponents o f Algebraic Knowledge 
In  lin g u is tics , a com ponential m odel o f n a tu ra l language 
knowledge includes such levels as phonetic, m orphem ic, syn ta ctic , 
sem antic, and pragm atic (Chom sky, 1957). In  a s im ila r s p irit, levels o f 
algebraic knowledge m igh t inc lude  parsing, tra nsfo rm a tio na l, pragm atic, 
and sem antic com ponents. Each o f these levels is  b rie fly  sum m arized, 
a fte r w h ich  an exam ple is  given w hich illu s tra te s  the  co n trib u tio n s  o f 
(several of) these com ponents to  a typ ica l s im p lifica tio n  task. W hereas 
categories o f n a tu ra l language s tru c tu re  do n o t correspond one-for-one
13
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to  those o f algebra, th is  s tud y in h e rits  a lin g u is tic  te rm ino logy from  
K irshn e r (1987).
P arsing Com ponent 
The parsing  com ponent specifies the know ledge o f sym bols and 
th e ir sequencing and includes such ru le s as the syn tactic h ie ra rch y  o f 
opera tion  levels (exponentia tion precedes m u ltip lic a tio n , m u ltip lic a tio n  
precedes a d d itio n , etc.). Research in  the  pa rsing  com ponent is  
concerned w ith  the  know ledge o f the  un derly in g  s tru c tu re  o f expressions 
and equations (E rnest, 1987; K ieran, 1989; K irshner, 1987; La rk in , 
1989; Norm an, 1986; Thom pson &  Thom pson, 1987).
K irshn e r (1987) d istingu ishes between the  surface and deep form  
o f an expression corresponding to  d iffe re n t levels o f cognitive 
representa tion . The surface fo rm  (SF) is  derived d ire c tly  from  th e  v isu a l 
o r w ritte n  fea tures w h ich  have a va rie ty  o f im p lic it opera tions and 
pa rs ing  cha racte ris tics . The deep form  (DF) is  the  corresponding 
e x p lic itly  parsed p ropo sitiona l expression o r tree s tru c tu re . For instance, 
the  expression 3x2 + 1 uses the  surface cha racte ris tics  o f h o rizo n ta l 
ju x ta p o s itio n  (HJ), diagonal ju x ta p o s itio n  (DJ), and w ide spacing (WS) to  
convey the  deep representa tions o f m u ltip lic a tio n  (M), exponentia tion  (E), 
and a d d itio n  (A), respective ly. The SF, 3 HJ x  D J 2 WS 1, id e n tifie s  the 
surface features o f 3x2 + 1 th a t co n trib u te  to  d e te rm in in g  the parse o f the 
expression. The bracketed DF, [3M [xE 2 )lA l, represents the  fu lly  parsed
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expression and its  operations exp lic itly , where M, E, and A  are cap ita l 
le tte r abbreviations fo r m u ltip lica tio n , exponentiation, and addition, 
respectively.
A lte rnative ly, a syntactic tree no ta tion  can be used to represent 
deep form s (Figure 2.1).
Figure 2.1. Syntactic Tree Representation o f the Deep Form  fo r 3x2 + 1
The parse o f an expression represented in  syntactic tree no ta tion  is 
expressed in  a h ie ra rchy o f operation nodes and is  in terpreted as follows. 
End nodes are nodes in  trees w h ich  conta in e ither a variable o r constant. 
Such nodes are located a t the bottom  o f trees. Pairs o f end nodes are 
connected by operation nodes to form  subexpressions. For ex a m ple, "x" 
and "2" in  F igure 2.1 are connected by the exponentiation operation node 
to  form  the subexpression (x2) provided in  Figure 2.2.
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Figure 2.2. Syntactic Tree In te rp re ta tion  o f 3x2 + 1: Stage 1
That subexpression is  then connected to  e ither another subexpression 
o r end node by another operation node. The syntactic tree 
subexpression shown in  Figure 2.2 is  connected to  the end node "3" 
using the m u ltip lica tio n  operation node to form  the subexpression (3x2) 
presented in  Figure 2.3.
Figure 2.3. Syntactic Tree In te rp re ta tion  o f 3x2 + 1: Stage 2
The form ation o f nested subexpressions is  repeated u n til the in itia l node 
o f the syntactic tree is  reached. The ini tial  node is  the  top node in  the 
tree. The subexpression shown in  Figure 2.3 is  connected to  the end 
node "1" by the in itia l node (the add ition  operation node) ind ica ting  the 
expression presented in  Figure 2.1.
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In  reading a syntactic tree from  top to bottom , the in itia l node 
represents the fin a l operation to be perform ed when evaluating an 
expression (e.g., 3x2 + 1). The two connected subnodes connected to  the 
in itia l node represent the  subexpressions o f th a t operation (e.g., 3x2 and 
1). Each subnode contains an in itia l node (e.g., m u ltip lica tio n  is  the 
in itia l node o f 3x2), w h ich  divides i t  in to  two subexpressions. This 
process is repeated u n til a ll end nodes w hich represent the constants 
and variables in  the expression are reached.
Deep form s, then, m ay be represented in  two notations: (1) 
syntactic trees w hich are fin ite ly  connected directed graphs w ith  
specified in itia l nodes (Emest, 1987, p. 345), and (2) bracketed 
propositiona l notations w hich u tilize  grouping symbols. Chom sky’s 
(1957, 1965) lin g u is tic  theories use parentheses and tree diagram s 
(somewhat d iffe ren tly  from  the above example) interchangeably. 
Syntactic trees have been used in  research o f a generative algebraic 
gram m ar (Bolio, 1989) and as a no tationa l convenience (Carry, Lewis, & 
Bernard, 1980; Matz, 1980; Em est, 1987; La rk in , 1989). Research on 
syntactic representation has been done in  the area o f parsing using 
syntactic trees (Thompson, 1989; Thompson &  Thompson, 1987) and 
expression evaluation tasks using bracketed deep form  no ta tion  
(K irshner, 1987; K irshner, 1989b).
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Transform ational Com ponent 
The transfo rm ationa l com ponent specifies the  set o f real num ber 
properties used to m anipu la te algebraic form ulas. A ll such properties o f 
equivalent expressions, equations, o r inequa lities are included in  th is  
com ponent. Studies o f the transfo rm ationa l com ponent are concerned 
w ith  the m enta l representations corresponding to algebra ru les (Em est, 
1987; La rk in , 1989; Matz, 1980).
The transform ationa l com ponent specifies a set o f ru les (called 
transform ations) th a t take as in p u t the  DF o f an expression, and o u tp u t 
the DF o f a m athem atica lly equivalent expression (K irshner, 1987). For 
instance, the DF, 5M[xAy], o f the expression 5(x + y) could be 
transform ed to the new DF, [5M xlA[5M y], o f the  expression 5x + 5y by 
the  app lica tion  o f a transform ation. A  transfo rm ation  is, thus, a 
cond ition -action  pa ir. The cond ition  specifies a certa in  syntactic context 
to  w h ich  the  transfo rm ation is  applicable. The action specifies a recipe 
fo r b u ild in g  the o u tp u t expression from  the in p u t specifications.
Several studies have used syntactic trees fo r describing 
transform ations (Em est, 1987; Matz, 1980) and experim enting (Bundy 
& W elham , 1981; La rk in , 1989; Thom pson, 1989). F igure 2 .4  illu s tra te s  
transfo rm ations in  tree no ta tion  (where S, E, A, and M  represent 
sub traction , exponentiation, add ition , and m u ltip lica tio n , respectively).
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x2 - y2 = (x - y)(x + y) 0 + x  = x
©
Figure 2.4. T ransform ation Examples in  S yntactic Tree N otation
Pragm atic Component 
The pragm atic (or strategic) com ponent specifies the  knowledge to 
select and sequence appropriate ru les to  accom plish sym bol 
m an ipu la tion  tasks. Knowledge o f when and how to  s im p lify  
expressions, ra tiona lize denom inators, factor, and so fo rth  is  included in  
th is  com ponent. Research in  th is  com ponent is concerned w ith  strategic 
knowledge o f experts (Bundy &  W elham, 1981; Carry, Lewis, &  Bernard, 
1980; La rk in , 1989; Moses, 1971; Sweller &  Cooper, 1985).
B undy and W elham (1981) ca ll th is  strategic knowledge (or m eta­
level inference), because i t  involves the strategic deploym ent o f 
transform ations to solve rou tine  problem s invo lv ing algebraic symbols. 
Th is com ponent then constra ins the power th a t the gram m ar o f algebra
x 2
has in  deriving sequences o f expressions. For example, —- =
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0^   + 92(0) is  syntactica lly correct, b u t w ould h a rd ly  be derived by a
x ( - l) 2
com petent algebraist perform ing a standard task.
A rtific ia l inte lligence models (Bundy &  W elham, 1981; La rk in , 
1989; Thompson, 1989) have used otrategic knowledge and syntactic 
trees to  create program s w h ich  can m anipulate algebraic expressions. 
The m odel o f B undy and W elham, fo r example, can solve equations by 
using general algebraic m anipu la tion  m ethods such as iso lation, 
collection, a ttraction , tid y , and norm alize, a ll o f w h ich  are strategic 
operations.
Sem antic Component 
The sem antic com ponent specifies the knowledge o f applications 
and external referents fo r symbols, ru les, expressions, etc. C urrent 
m athem atics education theories suggest "student a lienation ... is  the 
re su lt o f teaching syntax instead o f sem antics" (Kaput, 1989, p. 168). 
E m est (1987) echoes the po in t w hile  discussing the u b iq u ity  o f 
transform ations in  m athem atical activities:
The central po in t made is th a t m athem atical expressions are 
com m only presented, no t fo r purposes o f com prehension, in  the 
psycholinguistic sense o f con tribu ting  to  the construction o f a 
larger m eaning context, b u t as the in itia l state o f a  m athem atical
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task  w h ich  w ill be transform ed in  the perform ance o f the task. (p. 
350)
Research in  the sem antic com ponent includes such topics as variables 
(U siskin, 1988), equations (Herscovics &  K ieran, 1980; K ieran, 1989), 
add ition  and sub traction  word problem s fVergnaud, 1982), and 
functions (Kaput, 1989).
K ieran (1989), fo r example, d istinguishes the meanings o f the 
equal sign as a "do som ething signal" and as a sym bol re la ting  
equivalence o f le ft- and righ t-hand  expressions. K aput (1989) discusses 
various representations o f functions as "m ental representations" (p. 167), 
"re ferentia l extensions" (p. 168), and the "dynam ic lin k in g  o f notations" 
(p. 177).
N ot on ly is  the cu rren t research heavily invested in  the  sem antic 
com ponent, b u t so is the application o f its  theory. For example, the 
NCTM’s C urricu lum  and Evaluation S tandards (1989) envisions a 
sem antica lly grounded fram ework to  reform  school m athem atics. Notice 
th a t one o f the new goals o f the S tandards is  fo r students to 
com m unicate m athem atically:
Com m unication plays an im po rta n t role in  he lp ing ch ild ren  
construct lin ks  between th e ir in fo rm al, in tu itiv e  notions and the 
abstract language and sym bolism  o f m athem atics; i t  also plays a 
key ro le in  help ing ch ild ren make im po rta n t connections among
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physical, p ic to ria l, graphic, sym bolic, verbal, and m enta l 
representations o f m athem atical ideas. W hen ch ild ren  see th a t 
one representation, such as an equation, can describe m any 
situa tions, they begin to  understand the  power o f m athem atics; 
when they realize th a t some ways o f representing a problem  are 
m ore he lp fu l than  others, they begin to  understand the fle x ib ility  
and usefulness o f m athem atics, (p. 26)
" It is  essential th a t m athem atical concepts be firm ly  attached to  the 
sym bols th a t represent them ; the need fo r sym bolic representation arises 
ou t o f the exp loration o f these concepts" (p. 78).
An Example
The fo llow ing is  an example o f how several o f the com ponents are 
in tegrated in  a typ ica l s im p lifica tion  task. Suppose one com petent in  
elem entary algebra is  given the task:
amplify ^—±.
A  typ ica l response m igh t be:
x 2 -  4  _ (x - 2)(x + 2) _ 
x  + 2 x  + 2 X
A n explanation o f the response using a com ponential descrip tion  is  as 
follows. The parsing com ponent is  accessed to parse the in itia l 
expression. One understands th a t the d iv is ion  operation w ill be 
perform ed la s t in  th is  expression, the num erator includes the operations
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exponentiation and sub traction , the exponentiation operator is  the in itia l 
operation to  be perform ed in  the num erator, a common variab le  is  in  
bo th  the num erator and denom inator, etc. Due to the parse o f the in itia l 
expression and the d irections, "s im p lify ," the  pragm atic com ponent 
accesses a "factoring fram e," w h ich  includes such ru les as remove the 
greatest common factor, tes t i f  the difference o f squares ru le  applies, test 
i f  the difference or sum  o f cubes ru le  applies, etc. Next, the 
transfo rm ationa l com ponent is  referenced by a p a rtia l m atch to the 
difference o f squares ru le , and "4" is  iden tified  as a perfect square. 
Though seldom w ritte n , the o rig ina l expression is  then cognitively 
^ 2  _ 22
transform ed t o -------— . The difference o f squares ru le  is  applied and
X + z
the interm ediate re su lt is  w ritte n . The pragm atic com ponent now d irects
one to  look fo r a common facto r in  bo th  the num erator and denom inator,
and a cancellation transfo rm ation  is  engaged. In  th is  case, tw o
tra n s fo rm a tio n s  are a p p lie d  th a t a re  se ld om  w r it te n , 
(x -  2) (x + 2) (x -  2) (x + 2) x  -  2---    = — --------------- ——  = — -— . A fte r a fin a l transfo rm ationx  + 2 1 (x + 2) 1
is  applied and the re su lt is  w ritte n , the con tro lling  p ragm atic, com ponent 
then  determ ines com pletion.
As a fin a l in tro d u c to iy  note, standard models o f parsing and 
transfo rm ations are propositiona l in  na tu re  (Matz, 1980; Wagner, 
R achlin , &  Jensen, 1984). K irshner (1987; 1989b) proposed a m odel
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w ith  a propositiona l transform ationa l com ponent and a v isua l 
(nonpropositional) parsing component. Th is study extends K irshner’s 
model to include a transfo rm ationa l com ponent o f a v isua l na ture . The 
review o f the lite ra tu re  follows th is  progression o f models.
Propositional N otions o f Transform ation 
This study p rim a rily  concerns the transform ationa l com ponent. 
Transform ations are firs t fo rm a lly  encountered in  sim ple a rithm etic  
s im p lifica tions (e.g., 3 x  4 = 12). In  algebra and trigonom etry, 
transfo rm ations are used in  equation and inequa lity  solving. M ost 
m athem atical tasks begin w ith  some w ritte n  expression and require one 
or m ore transform ations fo r th e ir com pletion. T ransform ational 
knowledge then  is a key fo r a varie ty o f m athem atical subjects, and in  
p a rticu la r, algebra. As discussed below, theories in  cognitive science and 
education generally subscribe to notions o f consciously acquired 
propositiona l transform ations in  algebra.
Cognitive Science and Education Theories 
In  cognitive science and in fo rm ation  processing theories the 
tra d itio n a l perspective is  th a t ru les are acquired consciously and 
declaratively in  propositional form  (Anderson, 1983a; Larkin, 1989; Matz, 
1980; Sowder, 1980).
Anderson, au thor o f one o f the m ost comprehensive cu rren t 
cognitive theories, assumes "a ll incom ing knowledge is  encoded
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declaratively; specifically, the in fo rm ation  is  encoded as a set o f facts in  
a sem antic netw ork" (Neves and Anderson, 1981, p. 60). H is ACT* theory 
d istinguishes between declarative and procedural knowledge, and 
explains the evolution o f knowledge from  declarative form  to procedural 
fo rm  (sk ill acquisition).
The theory has been applied to  several learn ing contexts such as 
algebra (Lewis, M ilson, &  Anderson, 1987), geometry p roo f (Anderson, 
1983b), com puter program m ing (Anderson &  Reiser, 1985), and word 
processing (Singley &  Anderson, 1985). New knowledge enters in  
declarative form  and through processes o f knowledge com pilation 
(Anderson, 1983a), inc lud ing  com position and proceduralization, 
becomes au tom atica lly executed procedures. These procedures m ay be 
fu rth e r tuned through d iscrim ina tion  and generalization o f existing 
s tructu res (Anderson, 1986).
La rk in  (1989) in  presenting a cognitive production  model o f 
understanding and m an ipu la ting  expressions and equations describes 
a tw o-part problem  solving program . This program  includes a 
"representation-bu ild ing part" and a "centra l problem  solving pa rt" (p. 
122), b u t d iffe rs from  other pragm atic models (e.g., B undy and W elham, 
1981) in  th a t transform ations are located in  the problem  solving pa rt:
A  model fo r solving equations like  th is  w ill consist o f a data 
s truc tu re  th a t can represent equations and a program  th a t can act
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on th is  data s truc tu re  to solve the equations correctly w ith  the 
same k inds and sequences o f steps th a t com petent hum an solvers 
use. (Larkin, 1989, p. 121)
Transform ations are detailed as productions fo r solving equations whose 
s tru c tu re  m atches the standard m athem atical ru les and fo rm u las found 
in  textbooks and taugh t by teachers.
M atz’s (1980) extrapolation techniques in  her theory o f algebraic 
competence are applied to e xp lic itly  given declarative "base ru les":
[TJhe knowledge presum ed to  precede a new problem , u su a lly  
takes the form  o f a ru le  a studen t has extracted from  a prototype 
or gotten d ire c tly  from  a textbook. For the m ost p a rt these are 
basic ru les (such as the  d is trib u tive  law , the  cancellation ru le , the 
procedure fo r solving factorable polynom ials using  the  zero 
product princip le) th a t form  the core o f the  conventional textbook 
content o f algebra. These are refenred to  as the base ru les, (p. 95) 
Im p lic it in  the  be lie f o f those who advocate teaching com puter-like  
ru les and algorithm s is th a t hum ans understand and use a sim ple ru le - 
based approach in  learn ing (Sowder, 1980). Teaching in  such m odels 
includes exposition o f declarative ru les followed by d r ill and practice. 
T ransform ations are presum ed to  be encoded productions o f standard 
m athem atical ru les and form ulas.
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In  general, m athem atics educators have been in fluenced by 
cognitive science and in fo rm a tion  processing theories. E xp lic it reference 
to  ru le  s tru c tu re  is  rare and the avoidance o f characterizing ru les 
suggests the  assum ption o f declarative representations o f pre-specified 
cu rricu la r ru les. The standard position  in  m athem atics education is  th a t 
algebraic sym bol m an ipu la tion  is  a cognitive s k ill and syntactic ru les, 
bo th  parsing and transform ationa l, are p ropositiona lly  s tru c tu re d  (Carry 
et a l., 1980; W agner et al., 1984).
W agner et al. (1984) im p ly  such a characterization o f p ropositiona l
ru les:
A  basic prem ise o f th is  study was th a t the learn ing o f algebra, 
beyond the level o f rote m em orization o f fo rm ulas and algorithm s, 
can be regarded as a k in d  o f problem -solving process, (p. 7) 
Carry, Lewis, and Bernard (1980), fo llow ing B undy (1975), focus 
on strategic knowledge and avoid characterizing ru le  structures;
[W]e trie d  to id e n tify  w ha t m ust be learned by the s tuden t o f 
equation solving, fo llow ing th is  question wherever i t  led. We 
started from  the legal moves o f  the algebra game [ita lics  added], 
were led immediately [ita lics  added] to  the knowledge th a t 
underlied an appropriate choice o f move, and eventually to  the 
knowledge th a t perm its legal moves and illega l moves to  be 
d istinguished, (p. 2)
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In  sum m aiy, standard acquisition theories in  m athem atics 
education and cognitive science adopt propositiona l fram eworks. 
A lgebraic knowledge, inc lud ing  ru les and form ulas, is  assumed to  be 
p ropositiona lly  structured.
According then to  such theories o f extrinsic v isua l s tructu re , any 
v isua l coherence or s truc tu re  w hich m igh t appear w ith  these ru les is  
happenstance to  the environm ental context. I t  is on ly th rough response 
cond ition ing o r knowledge com pilation (Anderson, 1986) th a t a rb itra ry  
v isua l features o f task dom ains m ay become linked to declarative 
knowledge structures. O nly th rough association o f co-occurring 
elements du ring  repeated contextual exposure are v isua l features o f 
transform ations compiled in to  the transform ations.
For example, the difference o f squares ru le , x2 - y2 = (x - y)(x + y), 
is  learned in  propositiona l form . A  student who has recently learned 
factoring  techniques and who is  given a lis t o f expressions to be factored, 
m igh t firs t try  to  remove a greatest common factor. O nly la te r is the 
difference o f squares ru le  applied to such an expression. A  student, who 
has repeatedly practiced difference o f squares factoring tasks, m igh t be 
prim ed by the v isua l cue o f a square exponent to immediately apply the 
difference o f squares ru le . The visua l cues then are compiled in to  the 
propositiona l knowledge struc tu re  by repeated contextual exposure in
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the sense th a t knowledge com pilation (Anderson, 1986) involves the 
com position o f several propositiona l ru les in to  a single ru le .
K irshner (1987) proposed an in fo rm a l process model (Figure 2.5) 
o f algebraic knowledge w ith  a propositional transform ationa l component.
DF(1,1)~> DF( 1,2)—...--> DF(2,1)—...-->  D F (3 ,l)-..-> D F (n ,l) 
F igure 2.5. In form al Process Model
The model presumes th a t an expression in itia lly  given in  surface form  
(SF(1)) comes to  be represented in  a more abstract deep form  (DF(1,1)) 
th rough trans la tion  (parsing). The DF is then  carried in to  a series o f 
subsequent DFs by transform ationa l ru les w ith  occasional re transla tion  
in to  SF to reduce memory load. The double arrows between the deep 
form  and surface form  indicate b id irectiona l transla tions. As shown in  
the  figure, there m ay be m any surface form s, no t ju s t two, in  an 
expression m an ipu la tion  sentence (SF(1), SF(2), ..., SF(n)), and between 
any two SFs th a t are actua lly  w ritte n  there m ay be a num ber o f 
transform ations applied (DF(1,1), DF(1,2), ... D F (l,k)). Since some
A Propositional Process Model
SF(1)
I
SF(2) SF(3) = ... = SF(n)
i T
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expressions m ay be m enta lly  derived, b u t no t physica lly  w ritte n , deep 
form s m ay no t "m irro r" surface form s (Emest, 1987, p. 350).
As a sim plified example, a sentence like  (3x)2 - 4 = (3x - 2)(3x + 2) 
is  characterized in  the gram m ar as ind icated below  in  F igure 2.6, w ith  
ve rtica l arrows representing tra ns la tio n  between SFs and DFs and 
horizon ta l arrows representing transform ations:
[[3Mx]E2]S4] — > [[3Mx]E2]S[2E2] — > [[3M x]S2]M [[3M x]A2]
Figure 2.6. Processing Example in  the In form al Process Model
The interm ediate DF corresponding to (3x)2 - 22 is  presum ed to  be 
cognitively perform ed, b u t is  seldom ly expressed in  SF. The difference 
o f squares transform ation  is  applied to the u n w ritte n  second deep form , 
ra th e r tha n  to  the deep form  o rig ina lly  derived from  the surface form . 
O ften there is  more tha n  one interm ediate step. For instance, the more 
"na tu ra l" single step derivation, 9x2 - 4 = (3x - 2)(3x + 2), involves fo u r 
tra ns fo rm a tio ns : 9x2 - 4 = 9x2 - 22 = 32x 2 - 22 = (3x)2 - 22 =
(3x - 2)(3x + 2). M ost transform ations, then, apply no t to  the  expression 




(3x - 2)(3x + 2)
t
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A Visual Parsing Theory
This next section introduces a model proposed by K irshner (1989b) 
th a t d iffers from  the standard theories m entioned above in  th a t the 
tra ns la tio n  com ponent is  o f a v isua l (nonpropositional) na ture .
In  1987 K irshner, using Schwartzm an’s (1977) characterization o f 
operation levels, provided an account o f a subsystem  governing the 
parsing o f expressions as is  indicated in  Table 2.1.
Table 2.1.
Conventional Operation Levels H ierarchy
Level Operations
1 A dd ition  S ubtraction
2 M u ltip lica tion  D ivision
3 Exponentiation Radical
Syntactic Convention
1. H igher level operations have precedence over lower level operations.
2. In  case o f an equality o f levels, the le ft-m ost operation has precedence.
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For example, 3x2 is  parsed 3(x2), because exponentiation is a h igher level 
operation tha n  m u ltip lica tio n  in  th is  h ierarchy.
V isua l Cues in  T ransla tion 
K irshner (1989b) observed, however, th a t the usua l propositiona l 
characterization o f operation levels (Table 2.1) has strong correlates in  
a system o f positiona l cues (Table 2.2).
Table 2.2.
V isua l O peration Levels H ierarchy
Level V isua l Operations Examples
1 W ide Spacing a + b, a - b
2 H orizonta l o r ve rtica l jux ta pos itio n  ab,
b
3 D iagonal ju x ta p o s itio n  a b, ^ b
U sing th is  characterization o f the h ie rarchy o f operation levels, the 
syntactic ru le  given in  Table 2.1 can be seen to fun ction  on spatia l 
(visual) characteristics o f expressions, ra the r than  on the propositiona l 
content o f the expression. In  these v isua l term s, p a rt 1 o f the ru le  states 
th a t diagonal ju x ta p o s itio n  has precedence over horizon ta l and ve rtica l
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ju x ta p o s itio n , w hich in  tu rn  have precedence over w ide spacing; instead 
o f the  usua l rad ica l and exponentiation have precedence over 
m u ltip lica tio n  and division, w hich in  tu rn  have precedence over add ition  
and sub traction. The term  3x2 can then be parsed d ire c tly  as 3 H J x  DJ 
2 w ith o u t ever having to access the m athem atical operations o f the  DF 
representation.
K irshner (1989b) set ou t to  evaluate the psychological re a lity  o f the 
v isua l cues hypothesis using an unspaced nonce no ta tion  (e.g., lA 3M x, 
w ith  A  and M representing add ition  and m u ltip lica tio n , respectively) 
w h ich  displayed the propositiona l s tructu re , b u t d isto rted the spa tia l 
s tructu re . To avoid in fe rio r perform ance on the nonce no ta tion  being 
explained by u n fa m ilia rity  w ith  the new notation, a spaced nonce form  
(e.g., 1 A  3 M x, w ith  A  and M representing add ition  and m u ltip lica tio n , 
respectively) was used as the baseline o f com parison. B oth groups o f 
pa rtic ipan ts  were given corresponding expression eva luation tasks in  
o rd inary algebraic no ta tion  and in  th e ir nonce notation. The fo llow ing 
is  an example o f one o f the unspaced nonce tasks: For x  = 2, evaluate 
5A3M x (w ith A  and M representing add ition  and m u ltip lica tio n ,
respectively) w ith  the possible selections o f 4, 11, 114, 16,  . The
response identifies the parsing order selected. For example, a selection 
o f 16 ind icates parsing le ft to  rig h t (5 add 3 is 8, and then  8 m u ltip ly  2 
is  16).
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A ll students were able to parse the expressions in  o rd ina ry  
no ta tion . B u t w orking in  the unspaced no ta tion  proved to  be 
s ign ifican tly  m ore d iffic u lt than  w orking in  the  spaced no ta tion . He 
concluded th a t fo r some students the surface features o f o rd ina ry  
no ta tion  are necessary fo r successful parsing decisions. Thus these 
students m ust have a v isua lly  based (ra ther than  a p ropositiona lly  
based) syntactic ru le  underlying th e ir successful perform ance in  o rd ina ry 
notation.
K irshner’s model d iffers from  the previously discussed 
m athem atics education theories in  th a t the tra n s la tio n  com ponent is 
proposed to  be in itia lly  acquired in  a v isua l (nonpropositional) m odality. 
Th is p ropo s itiona l/v isu a l d is tin c tion  is  re lated to  the e x p lic it/im p lic it 
learn ing d is tin c tio n  in  the cognitive science lite ra tu re . E xp lic it lea rn ing  
is  consciously controlled and in trospective ly accessible and includes 
form ing m ental representations, searching m em ory fo r analogous 
knowledge, and bu ild in g  and testing m ental models in  goal directed 
a c tiv ity  (Gentner &  Stevens, 1983; Johnson-La ird, 1983). Im p lic it 
learning, on the other hand, is  autom atic, nonconscious, rap id , and 
in trospective ly inaccessible (Fodor, 1987; Lew icki, 1986; M athews, Buss, 
C hinn, &  Stanley, 1988; Reber, 1990). For instance, in fa n ts  lea rn ing  
face recognition is  im p lic it, in  con trast to  the  e xp lic it goal directed sk ills  
o f puzzle solving.
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V isua l Parse Model
K irshner’s (1989b) find ing  suggests a refinem ent o f the in fo rm a l 
processing m odel presented in  Figure 2.5. The process o f tra n s la tin g  
between SF and DF can now be seen to  have an interm ediate parsed 
v isua l form  (FVF) in  w h ich  the expression has been fu lly  parsed 
according to  its  v isua l characteristics, b u t in  w hich the propositiona l 
con ten t o f the expressions has n o t yet been established (Figure 2.7).
D F ( l, l) ->  D F ( l,2 ) - ...->  DF(2,1) - . . . - >  D F (3 ,l)-..-> D F (n ,l)
Figure 2.7. V isua l Parse Model
(SF, DF, and FVF represent surface form , deep form , and a parsed v isua l 
form , respectively.) Th is model is  viable i f  the tra ns la tio n  ru les th a t are 
v isu a lly  encoded can be acquired d irectly, w ith o u t a p re lim ina ry  
propositiona l stage.
Th is  model refines K irshner’s 1987 model in  th a t the tra n s la tio n  
com ponent includes an interm ediate parsed v isua l form . B u t i t  is  
consistent w ith  the 1987 model in  th a t experts and novices are believed
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i
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i
SF(2) SF(3) = ... = SF(n)
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to  process transform ations a t the DF level. Experts are those who can 
reach the DF du ring  tra ns la tio n  and apply the appropriate 
(propositiona lly represented) transform ationa l ru les. On the other hand, 
the m odel pred icts th a t novices, who can on ly transla te  an expression to  
its  FVF and n o t to  its  DF, w ill reach an impasse.
Th is s tudy proposes an extension o f K irshner’s 1989 model to 
inc lude  a (partia lly) v isua l transfo rm ationa l component. M any 
m athem atical ru les are, indeed, propositiona lly structured, yet i t  is 
proposed th a t another type o f transform ationa l ru le  exists th a t has an 
im m ediate ly sa lien t v isua l s tructu re . Examples o f both propositiona l 
ru les and v isu a lly  sa lien t ru les are provided in  Table 2.3.
Table 2.3.
Examples o f P ropositional and V isua l Transform ations
V isually Salient Transform ations
Propositional Rules
x 2 - y2 = (x - y)(x + y) (x - y)2 = x2 - 2xy + y2
(x - y) + (w - z) = (x + w) - (y + z)
x
x  - y  = -(y - x)
(Table continued.)
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
Table 2.3. (continued)
Examnles o f Propositional and V isua l Transform ations
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V isua l Rules
x(y - z) = xy  - xz x(yz) = (xy)z
(xy)z = x 5*
y  z yz
x yx z = x y*z (xy)z = x zy z
I t  is  proposed th a t certa in transfo rm ationa l ru les o f elem entary algebra 
can be in itia lly  acquired in  a v isua l, ra the r tha n  th e ir propositiona l 
m odality.
W hat is the cognitive basis fo r th is  pu tative v isua l salience in  
rules? C learly, there m ust be elements o f the surface form  of 
expressions th a t are proactive. I t  is noted th a t the v isua l salience o f 
transform ations corresponds to  the v isua l characteristics observed by 
K irshner (1989b) th a t are used in  parsing expressions. Recall K irshner 
found th a t positiona l features o f w ide spacing, horizon ta l and ve rtica l 
jux ta pos itio n , and diagonal ju x ta p o s itio n  are strong ly correlated w ith  the 
conventional propositiona l categories in  the operation levels h ie rarchy 
(Table 2.2). These same features seem to be p ro m in e n tin  v isu a lly  sa lien t 
transfo rm ationa l ru les. For example, since y  and z are close together on
Mechanisms o f V isua l Salience in  Transform ations
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the same horizon ta l plane in  (xy)z = x 72, horizon ta l ju x ta p o s itio n  seems
to  be a n a tu ra l operation between y  and z.
The v isua l properties o f transfo rm ationa l ru les n o t on ly inc lude  the 
v isua l features noted above, b u t non trad itiona l properties such as v isua l 
associa tiv ity (K irshner, 1989a), and v isua l movements w h ich  involve the 
deleting and grouping o f symbols. For example, the d is trib u tive  p roperty 
seems to  v isu a lly  inv ite  the term  outside the grouping sym bols to  move 
to  a position  adjacent to  bo th  term s inside the grouping sym bols w hen 
the parentheses are removed.
V isua l salience in  transform ations is  based, however, upon more 
than  s ta tic  positiona l characteristics. T ransform ations are dynam ic, 
d irectiona l systems, and v isua l transform ations m ay encode movements 
from  the le ft side o f the equal sign to the rig h t - m uch as a m oving 
p ictu re  produces a sensation o f movement between s till fram es (K irshner, 
1990). These aspects o f v isua l salience need to be fu rth e r theorized in  
subsequent w ork. B u t fo r the m om ent i t  is  su ffic ie n t to  note th a t the 
parsing characteristics o f horizontal, vertica l, and diagonal jux ta pos itio n , 
and spacing seem to be involved in  v isua l transform ations.
A V isual P rocess M odel 
No previous model has allowed transform ations to be perform ed a t 
any level other than  a t the deep form  level, a lthough E rnest (1987)
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
39
alluded to  processing a t an interm ediate level: "The use o f visually- 
m oderated sequences and chunking  m ay lead to  the development o f 
d iffe ren t form s o f processing closer to the surface level [ita lics  added]" (p. 
359). K irshner’s (1989b) V isua l Parse Model (Figure 2.7), however, can 
be m odified to a llow  fo r v isua l transform ations (Figure 2.8).
SF(1) = SF(2) = SF(3) = ... = SF(n)
i  l i t
F V F (l.l)—> F V F (l,2 )-...-> F V F (2 ,l)-...~ >  FV F(3,l)-..->P V F(n,l)
i t  I i t
DF(1,1)—> D F ( l,2 ) - ...->  D F(2,1) - . . . - >  D F (3 ,l)-..-> D F (n ,l)
Figure 2.8. V isua l Process Model
(SF, DF, and PVF represent surface form , deep form , and parsed v isua l 
form , respectively).
Com pleting any com plex algebraic s im p lifica tion  task requires 
stra teg ic knowledge to  choose and coordinate transform ations (Bundy & 
W elham, 1981; C arry e ta l., 1980). In  the (usual) case th a t both v isua lly  
and propositiona lly  based transform ations are involved, i t  is  presumed 
th a t the coord inating structures are propositiona l. Th is is  because (u n til 
some subsequent phase when procedura lization has autom ated the 
en tire  process) propositiona l representations are the on ly possible
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common representation fo r a ll o f the transform ations involved. 
Consequently, the  educational im p lica tions o f the model proposed here 
are n o t rad ica lly  divergent from  th a t o f K irshner (1989b). Both 
emphasize the necessity o f propositiona l representations o f parsing and 
transfo rm ationa l ru les.
Novices and experts are predicted to process some transform ations 
a t the DF level and some a t the FVF level depending on the k ind  o f 
transfo rm ation  and the k inds o f transfo rm ationa l knowledge they have. 
For novices the D F level m ay no t be available fo r those transform ations 
processed a t the FVF level. I f  a propositiona l representation is  needed 
fo r coord ination o f p ropositiona l and v isua l transfo rm ations in  complex 
tasks, then th is  theory provides a means to exp lain expertise. Whereas 
the expert has the a b ility  to coordinate v isua l ru les and propositiona l 
constra in ts, and can access propositiona l representations when needed, 
the novice cannot. Expertise involves successful m ediation between 
v isua l and propositiona l transfo rm ationa l ru les linked  and coordinated 
w ith in  pragm atic frames.
A cquisition
Recall standard acquisition theories in  cognitive science and 
m athem atics education are vested in  propositiona l fram eworks. The 
proposal o f v isu a lly  sa lien t transform ations opens a new acquisition 
poss ib ility : some transform ations (p a rticu la rly  those w ith  v isua lly
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coherent features) m ay be acquired ra p id ly  and unconsciously a t a 
parsed v isua l form  level.
I t  is  hypothesized th a t the s tru c tu re  o f an algebra ru le  is  related 
to  the possible modes o f acqu is ition  o f th a t ru le . P ropositionally 
s tructu red  ru les are learned through an exp lic it, conscious acquisition, 
in  con trast to v isua lly  s tructu red  ru les in  w hich the sa lien t na tu re  o f the 
ru le  m ay be acquired ra p id ly  and unconsciously.
I propose th a t v isua l ru les are easier to  apprehend in itia lly  than 
propositiona l ru les, b u t harder to understand propositiona lly. That is, 
because o f th e ir im m ediate v isua l salience, students can more easily 
recognize and feel a t ease w ith  v isua l ru les, b u t b y  the same token, they 
m ay be less successful in  determ ining the exact constra in ts on ru le  
app lica tion  th a t a propositiona l in s ta n tia tio n  facilita tes.
Pedagogical Im plications 
Pedagogical im p lica tions o f th is  study concern erro r analysis in  
elem entary algebra. The lite ra tu re  in  the psychology o f algebra 
concerning errors in  algebra (Carry et al., 1980; Davis and M cKnight, 
1979; Matz, 1980; Wagner et a l., 1984) generally has observed th a t
3. + b  bcerta in  errors (e.g., (x + y)2 = x2 + y2, --------  = —, \fx~Ty  = y/x + \/y ) are
a + c c
w idely encountered and m ay be extrem ely d iffic u lt to  rem ediate. The 
present hypothesis helps us to  understand the source o f these errors.
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M ost errors arise w hen incom plete knowledge is  applied to a new 
problem  environm ent (Matz, 1980). Indeed, W agner et al. (1984), w hile 
investigating student d ifficu lties  in  learn ing elem entary algebra using 
th in k  aloud techniques, state " If there is a single a b ility  th a t 
d istinguished good algebra problem  solvers from  less capable algebra 
problem  solvers ..., i t  was the a b ility  to  generalize problem  struc tu re " (p. 
57).
Davis and M cKnight (1979) in  analyzing a large collection o f 
s tuden t performances observed "certa in errors to be extrem ely common 
and extrem ely persistent" (p. 36), inc lud ing  overgeneralizations o f the 
d is trib u tive  law.
M atz (1980) in  developing a theory o f algebraic competence 
discusses extrapolation techniques th a t specify ways to  connect know n 
ru les and u n fa m ilia r problem s. M any generalization errors such as the 
ones noted above are discussed.
C arry et al. (1980) provide descriptions o f how students actua lly  
solve and fa il to solve algebraic equations, using the B undy (1975) model 
o f so lu tion  processes as a po in t o f reference fo r considering hum an 
problem  solvers. Several e rro r types, inc lud ing  persistent generalization 
errors such as those noted above, are analyzed.
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M ost o f the common errors in  algebra learn ing lite ra tu re  can be
d. + b btraced to  v isua l ru les. For example, (x + y)2 = x 2 + y2 a n d   = — can
3. + C C
be traced to  the v isua l ru les (xy)2 = x ^ 2 and —  = —, respectively
2.C C
(K irshner, 1989b).
The present theory aids us in  understanding the source o f these 
errors as resid ing in  the v isua l transform ations. That is , because o f th e ir 
v isua l salience, the v isua l ru les have been easily apprehended in itia lly , 
b u t less easily understood in  the underly ing  propositiona l term s th a t 
m igh t constra in  th e ir overgeneralization. A  propositiona l understanding 
o f the ru le  is  n o t reached, since students fa il to  see the need to struggle 
w ith  the  underly ing  propositiona l s tructu re . The educational 
p rescrip tion  is  to  fin d  ways to in troduce these v isua l transform ations so 
th a t they are more fu lly  apprehended a t th a t in itia l acquisition .
Summary
A lthough m uch research has been done on transfo rm ationa l ru les, 
little  research includes v isua liza tion  in  the transfo rm ationa l component. 
The cu rren t assum ption in  research th a t the transfo rm ationa l 
com ponent is  a propositiona l s tru c tu re  was called in to  question, and 
th rough a lin g u is tic  fram ework, a proposal fo r v isu a lly  instan tia ted  
s tructu res in  the transfo rm ationa l com ponent was presented. The 
h is to rica l evo lution and proposal o f a v isua l process m odel (Figure 2.8)
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were discussed. The effects and pedagogical im p lica tions o f such a new 
perspective on algebraic transform ations were then examined.
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CHAPTER 3  
METHODOLOGY
The purpose o f th is  chapter is to  de ta il the m ethods fo r em pirica l 
evaluation o f the theory presented in  Chapters One and Two. In  the 
theory, the transfo rm ationa l com ponent o f elem entary algebra is 
considered to no t consistently be a cognitive dom ain o f p ropositiona lly  
instan tia ted  ru les, b u t ra the r a com bination o f p ropositiona l ru les and 
ru les th a t have im m ediately sa lien t v isua l properties. The hypothesis is 
th a t some ru les (those w ith  v isua l salience) are easier to learn  than  
propositiona l ru les, b u t harder to understand. A lthough, the v isua l 
salience o f the v isua l transform ations enables in itia l apprehension to be 
easy, these ru les are less easily understood in  the  underly ing  
propositiona l term s th a t m igh t constra in th e ir overgeneralization.
To evaluate th is  hypothesis, i t  m igh t appear th a t one sim ply needs 
to  teach beginners a varie ty o f transform ationa l ru les o f each type and 
test as to w h ich ones are learned m ost easily. B u t th is  design provides 
no way o f know ing i f  the ru les learned more easily were learned because 
o f th e ir v isua l coherence o r because they ju s t happen to  be cognitively 
sim pler ru les (for some other reason). Since the v isua l salience o f 
transform ations in  o rd inary no ta tion  seems to  be re lated to the  v isua l 
parsing features, a syntactic tree no ta tion  was used to  create a baseline
45
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fo r com parison. The tree notation, by d is to rtin g  o rd ina ry v isua l 
re la tions, allows assessment o f the cognitive d iffic u lty  o f the ru les 
independent o f th e ir v isua l salience.
Syntactic Tree N otation  
A  no ta tion  was needed th a t w ould do bo th  o f the follow ing: (1) 
express the propositiona l character o f expressions, w h ile  suppressing the 
v isu a l salience o f the ru les; and (2) represent the parse o f the expression 
in  an obvious way, since parsing a b ility  is a cruc ia l com ponent o f 
competence in  algebra. Syntactic tree no ta tion  satisfies both 
requirem ents by u tiliz in g  the connectivity o f tree nodes.1
M any researchers have used syntactic trees as a  no ta tiona l 
convenience (Cany, Lewis, &  Bernard, 1980; Matz, 1980; Ernest, 1987; 
La rk in , 1989). Research on syntactic representation has been done in  
the area o f parsing using syntactic trees (Thompson &  Thom pson, 1987) 
and labelled syntactic trees have been used to  discuss a generative 
algebraic gram m ar (Bolio, 1989).
Syntactic tree no ta tion  u tilizes trees w hich  are fin ite ly  connected 
directed graphs w ith  a specified in itia l node (Ernest, 1980, p. 345). 
Nodes present the operations and variables (or values) o f the expression.
1 A  nonce notation  used by  K irshner (1989b) satisfies the second 
requirem ent, b u t rem ains v isu a lly  too sim ila r  to  o rd in a ry  algebra 
no ta tion .
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For instance, 1 + 3x2 is  represented in  syntactic tree no ta tion  in  Figure 
3.1,
F igure 3.1. Syntactic Tree Example o f 1 + 3x2
where A, M, and P represent addition , m u ltip lica tio n , and power (or 
exponentiation), respectively. The m athem atical operations o f addition , 
sub traction , m u ltip lica tio n , d ivision, and power are signified in  nodes by 
A, S, M, D, and P, respectively. "Power" is  substitu ted  fo r the  more 
tendentious "exponentiation" due to  the lack o f sophistication o f the 
subjects. Subjects were prealgebra students who were no t ye t fu lly  
experienced w ith  rad ica l and exponentiation operations, b u t had 
encountered "squares" and "cubes." Thus i t  was fe lt th a t the  subjects 
w ou ld be more com fortable w ith  "power" than  w ith  "exponentiation." To 
aid students in  d is tingu ish ing  operation nodes from  variable nodes, 
operation nodes were ind ica ted by squares, whereas variable nodes were 
ind ica ted by circles.
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
48
The syntactic s tru c tu re  o f expressions is  easily discerned in  tree 
no ta tion . For instance, in  Figure 3.1 the parse is ind icated w ith  the 
upperm ost operation A  (addition) being the p rin c ipa l o r dom inant 
operation (K irshner, 1987b). In  o rd inary notation, 1 + 3x2 could be 
in te rpre ted as any o f the five possible parses: 1 + [(3x)2], 1 + (3(x2)], 
(1 + 3)(x2), [1 + (3x)]2, or [(1 + 3)(x)]2. K irshner (1989b) dem onstrated th a t 
the correct parse 1 + [3(x2)] is  in itia lly  acquired in  term s o f v isua l 
features o f the expression (diagonal ju x ta p o s itio n  has precedence over 
horizon ta l jux ta p o s itio n , w h ich  has precedence over the  w ide-spacing 
feature o f addition).
Performance o f transfo rm ationa l tasks in  o rd ina ry no ta tion  in  
com parison to  tree no ta tion  was chosen as the means to  investigate the 
existence o f v isua l transform ations. The cla im  is no t th a t tree no ta tion  
is  w ith o u t v isua l salience, fo r indeed i t  is  v isua l, b u t th a t the v isua l cues 
o f transfo rm ationa l ru les th a t are re lated to v isua l parsing features are 
n o t preserved in  tree no ta tion . Thus in  th e ir in tro d u c tio n  to the  new 
no ta tions (tree no ta tion  and o rd ina ry algebra notation), students were 
inducted in to  d iffe ren t v isua l schema fo r the syntactic s tru c tu re  o f 
expressions. Because the v isua l salience o f certa in  transform ations is 
characterized by the same v isua l characteristics th a t support parsing in  
o rd ina ry algebra notation, i t  m ay va ry between notations.
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Experim ent
Design o f the S tudy 
This study involved a teaching experim ent w ith  an experim ental 
trea tm ent group using o rd inary algebra notation, and a  contro l group 
using syntactic tree notation. The researcher presented an in s tru c tio n a l 
trea tm ent o f fifty  m inutes fo r three consecutive days du ring  norm al class 
periods. In s tru c tio n  consisted o f teaching eight algebra ru les, o f w h ich  
fo u r ru les were o f a propositiona l type and fo u r ru les were o f a v isua l 
type. A  posttest th a t measured the student’s a b ility  to  id e n tify  and 
constra in previously taugh t transform ationa l ru les was given a t the end 
o f the th ird  day, and a re tention  test (identical in  structu re  to  the 
posttest) was given one week after the posttest. A fte r the posttest was 
given on the th ird  day, a qualita tive ins trum en t was given to discover the 
student’s thoughts on the d ifficu lty  o f the ru les and the ru le  learn ing 
process. S tudents were asked to rate each ru le  as hard, easy, or ne ithe r 
hard nor easy. In  addition, several students were in d iv id u a lly  
interviewed by the researcher after the posttest to explore th e ir 
perceptions o f the rules.
Subjects
In  order to examine the existence o f v isua l transfo rm ationa l ru les, 
the sample consisted o f subjects who generally had no t been exposed to 
algebraic no ta tion  and ru les. Students w orking in  the tree no ta tion  who
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were fa m ilia r w ith  elem entary algebra no ta tion  m igh t convert (m entally) 
the tree no ta tion  to o rd ina ry algebra no ta tion  in  order to  perform  the 
required tasks. (This proved to be the case in  some p ilo t observations.) 
For th is  reason, seventh grade students, who were n o t yet fa m ilia r w ith  
standard algebraic no ta tion  or ru les, were chosen to  partic ipa te .
Four seventh grade classes from  two nearby m iddle schools. Baker 
M iddle School and Southeast M iddle School in  the Baton Rouge, 
Louisiana area, participated in  the  study. S tudents were from  low - and 
m iddle-class income fam ilies. Two classes, one given o rd in a iy  algebra 
no ta tion , the other syntactic tree notation, from  each school were used 
in  order to d im in ish  school effects. O f the 89 students (41 male, 48 
female) whose responses were analyzed, 46 were taugh t in  o rd in a iy  
algebra no ta tion  (23 males, 23 females), and 43 were taugh t in  syntactic 
tree no ta tion  (18 males, 25 females).
Rules and Notation 
A ll subjects were taugh t eight transform ationa l ru les. (See 
Appendix A  fo r the ru les in  syntactic tree notation.) The fo u r ru les w h ich 
have lower v isua l salience are designated as propositional:
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x2 - y2 = (x - y)(x + y)
(x - y) + (w - z) = (x + w) - (y + z)
(x - l ) 2 = (x2 - 2x) + 1
x(y_1) = *
y
The other fo u r ru les have h igher v isua l coherence and are designated as 
v isua l ru les:
2(x - y) = 2x - 2y 
(xy)2 = x2y2 
(xy)-1 = x y- !
(—)(—) = —  y  z yz
C haracteristics o f the v isua l and propositiona l ru les were balanced 
to  the extent possible in  certa in  cruc ia l dim ensions. The v isua l ru les 
contained in  to ta l 20 operations, and the set o f p ropositiona l ru les 
contained 21 operations. The com plexity (num ber o f nodes, and depth 
o f nesting) o f v isua l and propositiona l ru les were nearly  m atched. 
A dd itiona lly , three ru les in  each set contained constants and a ll ru les 
included grouping symbols. In  order to  achieve balance w ith  respect to 
constants, specialized versions o f o rd ina ry algebra ru les were used in
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some cases (e.g., 2(x - y) = 2x - 2y is  used in  place o f the more general 
a(x - y) = ax - ay).
Table 3.1 contains wordings used du ring  in s tru c tio n . A  s tric t code 
o f verbal representation was followed in  teaching the operations. Term s
Table 3.1.
W ording o f O perations
Operations W ordings Used
a + b a add b add ition  o f b to  a
a - b  a sub tract b sub traction  o f b  from  a
ab a m u ltip ly  b m u ltip lica tio n  o f b  by a
— a divided by b  d iv is ion  o f b  in to  a
b
a b a power b power o f b on a
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like  "raised to the ... power" w ould in te ract w ith  the v isua l s tru c tu re  o f 
the tw o notations d iffe rently, and m igh t con tribu te  to d iffe ren t outcomes. 
The wordings in  Table 3.1 were used in  order to a llow  fo r fle x ib ility  o f 
reference (e ither term  can be spoken firs t) w hile  using a controlled 
lexicon. In s tru c tio n  in  ord inary no ta tion  s tud iously avoided reference to 
any possible v isua l support fo r the rules.
Procedure
In  order to examine the salience o f the identified  v isua l 
transfo rm ationa l pales, a ll classes were taugh t on three consecutive days. 
Two o f fo u r classes were taugh t the eight ru les in  ord inary algebra 
no ta tion , whereas the other two were taugh t the eight ru les in  syntactic 
tree no ta tion . Classes w ith in  each school were random ly assigned to 
e ithe r the syntactic tree group or the ord inary algebra group. The w ith in  
school random ization was intended to d im in ish  school effects. A fte r 
in s tru c tio n  on the th ird  day, the two groups were tested fo r competence 
w ith  the ru les. A fte r com pleting the posttest, subjects were asked on a 
qua lita tive  ins trum e n t to provide introspective accounts o f ru le  d ifficu lty  
and m ental processes used in  learning the ru les. A ll groups were then 
given a re tention test one week later.
Instrum ents
The posttest (see Appendix B) contained tw en ty-four tasks. Each 
ru le  was represented three tim es. The two versions o f the competence
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test, inc lud ing  questions, m u ltip le  choice options, and ordering, were 
iden tica l except fo r no tation. Each ru le  was represented by two 
recognition tasks and one rejection task. Recognition tasks assess 
students’ a b ility  to  id e n tify  rou tine  applications o f ru les w h ich  they were 
taugh t. Rejection tasks present expressions th a t are s im ila r in  some 
ways to  the requirem ents o f a ru le , b u t n o t actua lly  transform able b y the 
ru le . For example, no ru le  can be applied to  x2 + y2, though (x - y)(x + y) 
m igh t be chosen by overgeneralizing the difference o f squares ru le . The 
correct response fo r such item s is  "none o f these." Thus re jection tasks 
ind ica te student’s a b ility  to constra in the tendency to overgeneralize 
algebra ru les.
The no tion  o f s im ila rity  between the expressions chosen to 
represent re jection tasks and the actual ru les to w hich they are s im ila r 
is defined propositiona lly  by the follow ing fo u r categories: (1) constant 
changes, (2) operation changes, (3) operation moves, and (4) reparsing. 
A  moved operation is an operation, w hich when w ritte n  in  the  tree 
notation, has been moved from  its  orig ina l position in  the tree. 
Reparsing in  tree no ta tion  consists o f interchanging the  in ita l node o f the 
tree and a moved subexpression’s in itia l node. An example o f each 
category type is  provided in  Table 3.2.
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Table 3.2.
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The re tention  test (see Appendix C) was iden tica l in  s tru c tu re  to 
the  posttest, except th a t variables and n o n critica l constants were 
changed (e.g., (5w)2 = ? replaced the posttest question (4x)2 = ?).
The qua lita tive  ins trum e n t (see Appendix H) asked subjects to  rate 
each ru le  used in. the study as being e ither easy, hard, o r ne ithe r easy 
n o r hard. The ins trum e n t also asked subjects to  provide introspective 
accounts o f the ways in  w hich they learned the easy and ha rd  ru les and 
i f  there was a difference in  the methods in  w h ich  they learned them . 
M u ltip le  Choice D istractors
Each tes t exercise was m u ltip le  choice in  na ture . S ix m u ltip le  
choice options were presented w ith  each item , in c lud in g  "none o f these" 
fo r subjects’ answers no t corresponding to the given expressions. The 
five options included like ly  errors th a t m igh t be made in  o rd ina ry 
no ta tion  and in  syntactic tree notation. For example, the  syntactic tree 
item  in  Figure 3.2:
P
Figure 3.2. Test Item  in  Syntactic Tree Notation
("M" represents m u ltip lica tion , "P" represents exponentiation) has the 
response choices given in  Figure 3.3.




none o f 
these.
4T2 )(x
Figure 3.3. Test Item ’s Answer O ptions in  Syntactic Tree N otation
In  o rd ina ry  notation, the response choices fo r the given expression, (4x)2, 
are (4X)2, 4x2, 42x2, 4x2 , 42x, and "none o f the these" respectively.
Teaching Method
Teaching took place in  fifty  m inu te sessions on three consecutive 
days, each class being taugh t fo r a to ta l o f two and one-half hours. The 
m u ltip le  choice test was given towards the end o f the th ird  ins tru c tio n a l 
day. B oth the ord ina ry algebraic no tation and the syntactic tree notation 
groups followed the procedure described below, w ith  ne ither group being 
exposed to the no ta tion  o f the other group.
Day 1
Each class was given a short in trodu ction  to the no ta tion  in  w hich 
they w ould be w orking. Both operations (see Appendix D) and examples 
(see Appendix E) o f various algebraic expressions were discussed in  th a t 
no ta tion .
Each ru le  was taugh t w ith  fou r examples in  the fo llow ing m anner. 
F irs t, the ru le  was given and explained and an example o f i t  was shown.
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W ith  the ru le  and firs t example s till v isua lly  present, another example 
was shown. O nly the condition o f th is  example (i.e., the  le ft side o f the 
equation, o r the antecedent tree diagram) was v isu a lly  present and a 
sub ject was random ly chosen to p red ict the resu lt. O ther students were 
called upon to e ither verify  or correct the firs t studen t’s response. 
F ina lly , a fte r concealing the ru le  and a ll previous examples from  view, 
two more examples were given w ith  on ly the condition present. Again 
students were called upon to p red ict the resu lts  w ith  o ther students 
ve rify ing  o r correcting th e ir responses. A  lis t o f a ll ru les (in  both 
notations) w ith  th e ir examples is  provided in  Appendix F.
Th is cooperative m ethod o f in s tru c tio n  was chosen w ith  the 
expectation th a t subjects’ verbal responses and group in te ractions and 
corrections w ould fac ilita te  a good learn ing environm ent. P artic ipa tion  
and peer assistance were encouraged throughout the learn ing  sessions. 
Day 2
D uring  the second session, a ll ru les were shown together, after 
w h ich  each ru le  was reviewed ind iv idua lly . A  m u ltip le  choice qu iz was 
then given (see Appendix G). The quiz contained seventeen tasks and 
had the same struc tu re  as the posttest. Each o f the eight ru les was 
represented tw ice as recognition tasks, and one overgenera liz ation  
expression (called re jection task) to w hich no ru le  applied was given. 
Each task on the quiz consisted o f a condition o f a transfo rm ation  w ith
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s ix  m u ltip le  choice options, the s ix th  m u ltip le  choice option being "none 
o f these." The student was to id e n tify  the correct re su lt th a t w ou ld fo llow  
from  applying an appropriate transfo rm ation  to the  cond ition  w h ich  was 
given (for an example see Figures 3.2 and 3.3). A fte r com pletion, the 
class as a group reviewed the quiz item  by item .
D ay 3
D uring  the fin a l period, a ll ru les were shown together, and each 
ru le  was independently reviewed. The la tte r p a rt o f the h o u r was 
reserved fo r the posttest. In  an attem pt to be tte r understand the 
learn ing process, each subject was asked to  provide an in trospective 
account o f h is  or he r m ental processes a fte r the posttest. This 
qua lita tive  ins trum en t is  provided in  Appendix H . In  add ition , n ine 
students were in d iv id u a lly  interviewed in  audio-taped sessions w ith  a t 
least two students being taken from  each classroom . The m ost vocal 
students du ring  the learn ing period were chosen fo r the interview s, 
w h ich  lasted about ten  m inutes each. These subjects were taken 
in d iv id u a lly  by the interview er to  another room  and were asked to 
discuss the questions on the qua lita tive  ins tru m e n t orally. In teresting 
responses were then fu rth e r probed.
Day 10
One week after the competence tes t a re ten tion  test was given 
w ith o u t any teaching o r reviewing. No student had foreknowledge o f the
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test. The re tention  test was iden tica l in  s truc tu re  to  the posttest, w ith  
on ly variables and noncritica l constants being changed.
Observer
A  nonpartic ipan t observer was present fo r the three teaching days 
to  ve rify  th a t the teaching protocols were adhered to and th a t preferentia l 
trea tm ent was no t given to  e ither group o r ru le  type, and to check fo r 
any differences in  the dynam ics and organization o f the classes th a t 
m igh t d iscrim inate  outcomes. The observer was no t needed fo r the day 
on w h ich  the re tention  test was given, since no teaching occurred a t th a t 
tim e. A t the conclusion o f the experim ent, the observer gave a report o f 
h is  find ings (see Appendix I).
Predicted O utcom es
I f  the hypothesis fo r the recognition tasks is  correct, i t  is  expected 
th a t scores on the v isua l ru les w ill be s ign ifican tly  be tter than  scores on 
the propositiona l ru les in  the ord ina ry algebraic notation, w h ile  scores 
on ru le  types w ill no t s ign ifican tly  d iffe r in  the syntactic tree no ta tion .
Since the re jection tasks require a more propositiona l 
understanding than the recognition tasks, the hypothesis predicts 
d iffe ren t resu lts  fo r these types o f tasks. Since both types o f ru les are 
learned in  syntactic tree no ta tion  a t a propositiona l level, no s ign ifican t 
difference is  expected between ru le  types. In  the o rd ina ry algebra 
no ta tion , however, the im m ediate v isua l salience o f certa in  v isu a l ru les
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m ediates against developing a propositiona l representation. Subjects, 
then, are expected to  be less able to  constra in overgeneralization fo r 
these ru les than  fo r the ru les th a t lack v isua l salience. For o rd in a iy  
no ta tion  re jection tasks, i t  is  expected th a t scores on the v isua l ru le  
tasks w ill be s ign ifican tly  low er than  fo r scores on the propositiona l ru le 
tasks.




The purpose o f th is  chapter is  to  report the  research find ings 
gathered from  the em pirical investigation o f the theory. Recall the 
hypothesis o f the s tudy is  th a t the transfo rm ationa l com ponent o f 
elem entary algebra is  no t consistently a cognitive dom ain o f 
propositiona lly  instan tia ted  ru les, b u t ra the r a com bination o f 
propositiona l ru les and ru les th a t have im m ediately sa lien t v isua l 
properties. Furtherm ore, i t  is hypothesized th a t those ru les w ith  v isua l 
cues are easier to  acquire in itia lly  than  propositiona l ru les. Because 
these ru les can be apprehended visua lly , the learner m ay fa il to  a tta in  
the  same level o f p ropositiona l understanding th a t otherwise w ou ld  be 
required to a tta in  a sense o f fa m ilia rity . Thus paradoxically, the v isua l 
ru les m ay be easier to learn, b u t harder to understand.
For the recognition tasks, the  hypothesis predicts th a t in  o rd ina ry 
algebra no ta tion  v isu a lly  sa lien t ru les are s ign ifican tly  easier to recognize 
th a n  propositiona l ru les, b u t in  tree no ta tion  v isua l and propositiona l 
ru les are equally d ifficu lt. For the  re jection tasks, w hich require a more 
propositiona l grounding, the hypothesis predicts th a t in  o rd in a iy  algebra 
no ta tion  propositiona l ru les are s ign ifican tly  easier to constra in  than
62
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v isu a lly  sa lien t ru les, b u t in  tree no ta tion  v isua l and propositiona l ru les 
are equally d ifficu lt.
A nalysis and R esults
The research question investigated w hether the v isu a lly  sa lien t 
ru les in  o rd in a iy  algebra no ta tion  were easier to  learn and harder to 
constra in  tha n  those ru les lacking v isua l salience. The design included 
the fo llow ing independent variables.
School was an independent variable w ith  subjects being taken 
from  e ither Baker or Southeast M iddle School in  the Baton Rouge, 
Louisiana area. Subjects were fu rth e r categorized by gender, and by 
previous achievem ent in  m athem atics.
Two data sources were available fo r the variable accounting fo r the 
previous achievem ent (ACH) o f each subject: C a lifo rn ia  Achievem ent Test 
M athem atics score (CATM), and the m ost recent s ix  week grade in  
m athem atics. Both schools reported le tte r grades to  students every s ix 
weeks. A t bo th schools, the students’ s ix  week grade had been given 
w ith in  two weeks o f the experim ent. Separate analyses were com puted 
w ith  ACH representing CATM scores and six week grades.
In  order to d is tingu ish  h igh and low  achievem ent subjects using 
the CATM variable, subjects were separated a t the  50 th  percentile w ith  
those scoring above being designated as HIGH achievem ent and those 
scoring below being designated as LOW achievem ent. In  order to
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d is tin g u ish  h igh and low  achievem ent subjects using the grade variable, 
a grade o f A, B, or C was designated as HIGH, and a grade o f D or F  was 
recorded as LOW. Since two teachers partic ipa ted in  the study, grading 
differences possibly exist. However, because grades were categorized a t 
ju s t tw o levels, m uch o f th is  variance should have been elim inated.
Results o f the analyses using CATM as the achievem ent variable 
were sim ila r  to the resu lts using the s ix week grades as the achievem ent 
variable. Because o f the s im ila rity , on ly one analyses is  reported fo r 
s im p lic ity . The researcher chose to  report the analyses using s ix week 
grades as the achievem ent variable, since (1) i t  was im possible to obta in 
the CATM scores o f some students and (2) the grades were the more 
recent ind ica to r.
The fo u rth  independent variable was treatm ent. O f the fo u r 
classes used in  the study, two were taugh t in  o rd inary algebra no ta tion  
(ORD) and two in  syntactic tree no ta tion  (TREE). The repeated 
independent variable was ru le  type w ith  each o f the e ight ru les 
categorized as e ither v isua l or propositional.
The hypotheses concerning perform ance on the recognition and 
re jection  tasks were analyzed separately by using an analysis o f variance 
fo r repeated measures. The analysis used a facto ria l design invo lv ing  a 
2 x 2 x 2 x 2 x 2  design, inc lud ing  fo u r between factors: school, gender, 
achievem ent, and no ta tion  treatm ent; and one repeated w ith in  factor:
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ru le  type. A n item s analysis was perform ed in  add ition  to  the subjects 
analysis to  ind ica te  i f  the resu lts  were general across the ru le  examples 
used in  the  study. I t  also used a facto ria l design invo lving a 
2 x 2 x 2 x 2 x 2  design, b u t included ru le  type as a between factor 
repeated over the w ith in  factors: school, gender, achievement, and 
n o ta tio n  treatm ent.
Four types o f posttest tasks were analyzed: v isua l ru le  recognition 
tasks, v isua l ru le  re jection tasks, propositiona l ru le  recognition tasks, 
and propositiona l ru le  re jection tasks. The Cronbach Coefficient A lpha 
was used to  calculate test re lia b ilitie s  w ith  the fo llow ing results: v isua l 
ru le  recognition tasks (.60), propositiona l ru le  recognition tasks (.66), 
v isu a l ru le  re jection tasks (.21), and propositiona l ru le  re jection tasks 
(.39). Sm all values fo r the re jection tasks were expected due to the sm all 
num ber o f elements in  each group. For each ru le  type on a single test, 
there were eight recognition tasks, b u t on ly fo u r re jection tasks. Such 
low  values fo r the re jection tasks do b rin g  in to  question the re lia b ility  o f 
the  re jection task instrum ent.
Recognition Tasks 
For recognition tasks, the v isua l cues hypothesis predicted th a t in  
o rd ina ry  algebra no ta tion  v isu a lly  sa lien t ru les should be s ign ifican tly  
easier to  recognize tha n  propositiona l ru les, b u t in  syntactic tree no ta tion
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v isua l and p ropositiona l ru les should be equally d iffic u lt. The cell means 
fo r the two groups on the two tests are given in  Table 4.1.
Table 4.1.
Recognition Task Posttest and R etention Test Means fo r B oth Rule Types 
on B oth Treatm ents
POSTTEST RETENTION TEST
VISUAL PROP VISUAL PROP
ORD 4.63 3.33 3.94 2.94
(46)* (46) (47) (47)
TREE 3.86 3.72 3.54 3.79
(43) (43) (39) (39)
* Values in  parentheses represent num ber o f subjects w ith in  cell
Note th a t a larger difference exists between the v isua l and 
propositiona l ru le  types in  the ord inary no ta tion  treatm ent than  in  the 
syntactic tree treatm ent on both tests. The resu lts o f the ANOVAs are 
given below w ith  discussion and resu lts  o f the posttest being provided 
firs t, followed w ith  com m ent on the re tention  test results.
Posttest Results fo r Recognition Tasks
The ANOVA sum m ary fo r between and w ith in  subject effects fo r 
the posttest recognition tasks is  given in  Table 4.2.
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Table 4.2.
Posttest Expanded Summ ary ANOVA Includ ing Between and W ith in
Subiect Effects fo r Recognition Tasks
Source Type III d f Mean F
Sum o f Sauares Sauare Value
BETWEEN SUBJECT EFFECTS
SCHOOL 17.11 1 17.11 3.43
SEX 4.59 1 4.59 0.92
ACH 116.79 1 116.79 23.39 ****
TRMT 0.40 1 0.40 0.08
SCH*SEX 0.02 1 0.02 0.00
SCH*ACH 1.30 1 1.30 0.26
SCH*TRMT 2.03 1 2.03 0.41
SEX*ACH 0.74 1 0.74 0.15
SEX*TRMT 1.92 1 1.92 0.38
TRMT*ACH 0.62 1 0.62 0.12
SCH*SEX*ACH 0.15 1 0.15 0.03
SCH*SEX*TRMT 0.00 1 0.00 0.00
SCH*ACH*TRMT 6.33 1 6.33 1.27
SEX*TRMT*ACH 1.32 1 1.32 0.26
SCH*SEX*ACH*TRMT 8.93 1 8.93 1.79
ERROR 364.54 73 4.99
W ITHIN SUBJECT EFFECTS
RULE TYPE 23.54 1 23.54 12.93 ***
TYPE*SCHOOL 0.09 1 0.09 0.05
TYPE*SEX 0.08 1 0.08 0.04
TYPE*ACH 4.74 1 4.74 2.60
TYPE*TRMT 12.95 1 12.95 7.12 *
TYPE*SCH*SEX 0.86 1 0.86 0.47
TYPE*SCH*ACH 1.50 1 1.50 0.82
TYPE*SCH*TRMT 1.37 1 1.37 0.75
TYPE*SEX*ACH 0.21 1 0.21 0.12
TYPE*SEX*TRMT 0.97 1 0.97 0.53
TYPE*TRMT*ACH 18.98 1 18.98 10.42 **
TYPE*SCH*SEX*ACH 0.54 1 0.54 0.29
TYPE*SCH*SEX*TRMT 6.54 1 6.54 3.59
TYPE*SCH*ACH*TRMT 0.26 1 0.26 0.15
TYPE*SEX*TRMT*ACH 0.40 1 0.40 0.22
TYPE*SCH*SEX*ACH*TRMT 1.65 1 1.65 0.90
ERROR (TYPE) 132.88 73 1.82
Note: * S ignificant a t .01 level ** S ignificant a t .005 level
*** S ignificant a t .001 level **** S ignificant a t .0001 level
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A  m a in  effect o f achievem ent was found w ith  h igh achievem ent
subjects (x  = 4.77) scoring be tter th a n  low  achievem ent subjects (x  =
2.99) in  the subjects analysis, as w ell as in  the item s analysis 
(FT1.6) = 102.13, p < .0001). The item s analysis ind icated a school effect
(FT1,6) = 14.24, p < .01) w ith  Baker M iddle School (x = 4.23) perform ing
be tte r th a n  Southeast M iddle School (x  = 3.53), b u t on ly a m arg ina l
effect was found in  the subjects analysis (FT1.73) = 3.43, p < .07). A  
gender effect (.FT 1,6) = 8.13, p < .05) was ind ica ted by the item s analysis
w ith  m ale subjects (x = 4.23) scoring be tte r tha n  female subjects
(x  = 3.60), b u t no such effect was found in  the subjects analysis. The
item s analysis also ind icated a four-w ay in te ractio n  between school, 
gender, achievem ent, and treatm ent (FT 1,6) = 8.39, p < .05), w h ich  was 
no t found in  the subjects analysis. G enerally resu lts  were 
un in te rp re tab le , and since the in te raction  d id  n o t involve the  c ritic a l 
variable ru le  type, no fu rth e r discussion is  given.
The analysis fo r w ith in  sub ject effects ind icated a ru le  type effect, 
an in te ractio n  between ru le  type and treatm ent, and a three-w ay 
in te ractio n  invo lv ing  ru le  type, no ta tion  treatm ent, and achievement. 
The three-w ay in te raction  was also found in  the  item s analysis
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CFT1.6) = 27.03, p < .005). To aid in  understanding th is  three-way 
in te raction , the cell means are lis ted  in  Table 4.3.
Table 4.3.
Posttest Recognition Task Means fo r the In teraction  Involving 
Achievem ent. Treatm ent, and Rule Type
HIGH ACHIEVEMENT LOW ACHIEVEMENT
VISUAL PROPOSITIONAL VISUAL PROPOSITIONAL
ORD 6.00 3.79 3.13 2.82
(24)* (24) (22) (22)
TREE 4.52 4.71 3.23 2.77
(21) (21) (22) (22)
* Values in  parentheses represent num ber o f subjects w ith in  cell
Since an in te raction  effect was found, a test o f sim ple effects was 
perform ed. T ha t no s ign ifican t ru le  type effect was found fo r e ither o f the 
tree no ta tion  groups ind icated the attem pt to  choose visua l and 
propositiona l ru les o f approxim ately equal cognitive d ifficu lty  was 
successful. A  s ign ifican t ru le  type effect fo r the h igh achievement 
o rd ina ry algebra no ta tion  group was found (.FT1,21) = 34.33, p < .0001) 
w ith  scores on the v isua l tasks being h igher than  those on the 
propositiona l tasks. Th is ind icates th a t v isua l ru les were in itia lly
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apprehended more easily tha n  propositiona l ru les by the high 
achievem ent subjects in  ord inary algebra no ta tion . Since bo th  the 
subjects and item s analyses suggest the in te raction , the resu lts  o f the 
posttest are generalizable across subjects and across ru le  examples fo r 
h igh achievem ent subjects.
A lthough scores on the v isua l tasks were h igher than those on the 
propositiona l tasks fo r the low  achievement group in  o rd ina ry no tation, 
no s ign ifican t difference was found between ru le  types. It is  lik e ly  floo r 
effects explain the lack o f s ign ifican t resu lts, since the best low  
achievem ent mean was only 3.23 and ignoring the choice o f "none o f 
these" on the test, a mean o f 1.60 corresponds to  chance.
The test o f sim ple effects ho ld ing ru le  type fixed yielded two 
s ign ifican t resu lts: h igh achievement subjects scored be tter th a n  low  
achievem ent subjects (1) on the v isua l item s in  the o rd ina ry algebra 
no ta tion  treatm ent (1^1,41) = 46.62, p < .0001) and (2) on the 
propositiona l item s in  the syntactic tree treatm ent (F (l,38) = 8.49,
p < .01).
I t  is  reasonable to  expect th a t subjects w orking in  o rd inary 
no ta tion  should score be tter than  subjects w orking in  tree no tation, 
since o rd ina ry no ta tion  is  considered to be a re la tive ly easier no ta tion  in  
w h ich to operate. B u t both low  achievement groups in  o rd inary no ta tion  
scored approxim ately the same as those in  tree notation, ind ica tin g  a
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generally constant level o f success, regardless o f ru le  type o r no ta tion  
type. Such indicates the tasks to be too d iffic u lt fo r the low  achievem ent 
subjects and th a t on ly h igh achievement subjects were able to  take 
advantage o f the v isua lly  sa lient characteristics o f v isua l ru les.
There seems to be three types o f item s fo r the h igh achievem ent 
subjects: tree no ta tion  ru les, o rd ina ry no ta tion  v isua l ru les, and o rd inary 
no ta tion  non-visua l ru les. In  tree notation, the h igh achievem ent 
subjects found the v isua l and propositiona l tasks to be approxim ately 
equivalent. In  o rd ina ry notation, the h igh achievem ent subjects scored 
h igh on the v isua l ru les, supporting the v isua l salience hypothesis. The 
h igh achievement subjects, however, scored low  on the propositiona l 
tasks in  o rd inary notation, even lower than  d id the h igh achievem ent 
subjects w orking in  tree notation. Such is  expected since: (1) no v isua l 
salience is available in  propositiona l ru les, and thus both achievem ent 
groups (low and high) performed poorly when forced to operate 
propositiona lly; and (2) fewer item s were encountered in  com parison to 
the tree no ta tion  group in  w hich a ll ru les (both v isua l and non-visual) 
were approxim ately equivalent. That is, h igh achievem ent subjects 
w orking in  tree no ta tion  encountered tw ice as m any tasks (since v isua l 
and propositiona l ru les were approxim ately equivalent) as d id the high 
achievem ent subjects w orking on the o rd inary no ta tion  propositiona l 
tasks, i f  in  tree no ta tion  both ru le  types appear to be equivalent. I f  these
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subjects encountered as m any ord ina ry propositiona l item s as tree item s, 
i t  is  expected th a t the  low  scores w ou ld im prove.
Retention Test Results fo r Recognition Tasks
The ANOVA sum m ary fo r between and w ith in  subject effects fo r 
the  re ten tion  test recognition tasks is  given in  Table 4.4.
A n achievem ent effect was again found fo r the recognition tasks
w ith  h igh achievem ent subjects scoring (x = 4.32) s ign ifican tly  be tter
th a n  low  achievem ent subjects (x  = 2.73) in  bo th  the subjects analysis
and the item s analysis (P tl,6) = 88.03, p < .0001). O nly the item s 
analysis ind icated a school effect (FT 1,6) = 10.57, p < .05) w ith  Baker
M iddle School scoring (x = 3.87) be tte r than  Southeast M iddle School
(x  = 3.23) and a three-way in te raction  between school, gender, and
achievem ent (FT1.6) = 10.99, p < .05). Since the in te raction  does no t 
involve the c ritica l variable ru le  type, fu rth e r discussion is  om itted.
A  s ign ifican t in te raction  between ru le  type and the no ta tion  
treatm ent was found fo r the re ten tion  test recognition tasks in  the 
subjects analysis. A n analysis o f sim ple effects us ing  a one-way ANOVA 
ho ld ing ru le  type constant found no s ign ifica n t difference between 
treatm ents. A n analysis o f sim ple effects was then com puted to 
determ ine in  w h ich  treatm ents a s ign ifican t difference was found
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Table 4.4.
Retention Test Expanded Sum m ary ANOVA Including Between and Within
Subject Effects for Recognition Tasks
Source Type III 
Sum o f Sauares
d f Mean F 
Sauare Value
BETWEEN SUBJECT EFFECTS 
SCHOOL 12.05 1 12.05 1.92
SEX 0.47 1 0.47 0.07
ACH 89.16 1 89.16 14.20
TRMT 2.20 1 2.20 0.35
SCH*SEX 0.78 1 0.78 0.12
SCH*ACH 1.07 1 1.07 0.17
SCH*TRMT 9.99 1 9.99 1.59
SEX*ACH 0.01 1 0.01 0.00
SEX*TRMT 5.76 1 5.76 0.92
TRMT*ACH 0.56 1 0.56 0.09
SCH*SEX*ACH 6.69 1 6.69 1.07
SCH*SEX*TRMT 0.56 1 0.56 0.09
SCH*ACH*TRMT 0.62 1 0.62 0.10
SEX*TRMT*ACH 0.27 1 0.27 0.04
SCH*SEX*ACH*TRMT 0.75 1 0.75 0.12
ERROR 439.36 70 6.28
W ITHIN SUBJECT EFFECTS 
RULE TYPE 6.42 1 6.42 3.14
TYPE*SCHOOL 0.41 1 0.41 0.20
TYPE*SEX 0.00 1 0.00 0.00
TYPE*ACH 2.34 1 2.34 1.14
TYPE*TRMT 14.85 1 14.85 7.26 *
TYPE*SCH*SEX 0.21 1 0.21 0.10
TYPE*SCH*ACH 0.04 1 0.04 0.02
TYPE*SCH*TRMT 0.89 1 0.89 0.44
TYPE*SEX*ACH 0.69 1 0.69 0.34
TYPE*SEX*TRMT 0.74 1 0.74 0.36
TYPE*TRMT*ACH 0.54 1 0.54 0.27
TYPE*SCH*SEX*ACH 1.08 1 1.08 0.53
TYPE*SCH*SEX*TRMT 2.57 1 2.57 1.25
TYPE*SCH*ACH*TRMT 5.39 1 5.39 2.63
TYPE*SEX*TRMT*ACH 0.26 1 0.26 0.13
TYPE*SCH*SEX*ACH*TRMT 0.00 1 0.00 0.00
ERROR HYPE) 143.21 70 2.05
Note: * S ignificant a t .01 level ** S ignificant a t .0005 level
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between ru le  types. As was tru e  fo r the posttest, the absence o f 
s ign ifican t differences between ru le  types in  tree no ta tion  ind ica ted the 
a ttem pt to choose ru les o f approxim ately equal cognitive d iffic u lty  was 
successful.
In  o rd inary notation, however, scores on the v isua l ru les were 
found to  be s ign ifican tly  h igher (.FT1,42) = 10.69, p < .005) tha n  scores on 
the propositiona l ru les. Together these find ings ind ica te th a t the  v isua l 
ru les were apprehended more easily than  the non-visua l ru les.
A lthough no type by treatm ent in te raction  was found in  the item s 
analysis, a four-w ay in te raction  invo lving ru le  type, treatm ent, school, 
and achievem ent was ind icated (FT 1,6) = 6.33, p < .05). The subjects 
analysis found th is  in te raction  to be on ly m arg ina lly s ign ifican t 
(FT1.70) = 2.63, p < .11). Table 4.5 provides the cell means.
A  ru le  type by treatm ent effect s im ila r to  the subjects analysis was 
seen, b u t a t d iffe ren t strengths depending on school and achievement. 
In  pa rticu la r, the effect was strong fo r h igh achievem ent subjects a t 
Baker M iddle School, b u t no t as strong fo r h igh achievem ent subjects a t 
Southeast M iddle School. In  general the item s analysis resu lts  support 
those found in  the subjects analysis, and thus ind icate the re ten tion  test 
resu lts  are no t on ly generalizable across subjects, b u t across ru le  
examples as well.
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Table 4.5.
Invo lving School. Achievement. N otation Treatm ent, and Rule Tvoe
SCHOOL 1 (BAKER M IDDLE SCHOOL)
HIGH ACHIEVEMENT LOW ACHIEVEMENT
VISUAL PROPOSITIONAL VISUAL PROPOSITIONAL
ORD 5.33 3.50 2.82 2.45
(12)* (12) (11) (11)
TREE 4.30 5.10 3.56 3.89
(10) (10) (9) (9)
SCHOOL 2 (SOUTHEAST MIDDLE SCHOOL)
HIGH ACHIEVEMENT LOW ACHIEVEMENT
VISUAL PROPOSITIONAL VISUAL PROPOSITIONAL
ORD 4.67 3.75 2.92 1.92
(12) (12) (12) (12)
TREE 4.20 3.70 2.10 2.50
(10) (10) (10) (10)
Note: * Values in  parentheses represent num ber o f subjects w ith in  cell
The propositional ru les in  tree no ta tion  tended to  be easier fo r 
Baker M iddle School h igh achievers than  fo r th e ir counterparts a t 
Southeast M iddle School. Considering tree no ta tion  as a baseline fo r 
com parison o f propositiona l d ifficu lty  strengthens the con trast between
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v isua l and propositiona l o rd ina ry no ta tion  scores a t Baker M iddle 
School.
Rejection Tasks
Recall the theory predicts d iffe ren t resu lts  fo r the re jection  tasks 
th a n  fo r the  recognition tasks. Because v isua l ru les can be learned more 
easily in  o rd ina ry no ta tion  than  the  propositiona l ru les, the  lea rner m ay 
fa il to  a tta in  the propositiona l understand ing th a t is  required to 
constra in  generalizations fo r these ru les. The theory fo r the  re jection  
tasks then  predicts th a t in  o rd inary no ta tion  the v isua l ru les shou ld  be 
harder to  constra in  th a n  the propositiona l ru les, b u t in  tree no ta tio n  no 
s ign ifica n t difference should exist between ru le  types. To test these 
pred ictions, analyses s im ila r to  those fo r the recognition tasks were 
perform ed.
The cell means fo r the two treatm ent groups on bo th  the posttest 
and re ten tion  test are given in  Table 4.6. An ANOVA sum m ary in c lu d in g  
between and w ith in  sub ject effects was com puted fo r bo th  tests. Again, 
the  posttest resu lts  are examined firs t, followed by a discussion o f the 
re ten tion  te s t results.
Posttest Results fo r Rejection Tasks
The ANOVA sum m ary fo r the posttest re jection tasks is  provided 
in  Table 4.7.
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Table 4.6.
Rejection Task Posttest and Retention Test Means fo r B oth Rule Types 
on B oth  Treatm ents
POSTTEST RETENTION TEST
VISUAL PROP VISUAL PROP
ORD 1.35 1.59 1.02 1.17
(46)* (46) (47) (47)
TREE 1.05 1.09 1.00 0.82
(43) (43) (39) (39)
* Values in  parentheses represent num ber o f subjects w ith in  cell
The between subjects analysis and the item s analysis 
(.FT 1,6) = 12.32, p < .05) yielded a s ign ifican t school effect w ith  Baker
M iddle School scoring (x = 1.51) be tter th a n  Southeast M iddle School
(x  = 1.03). B oth the subjects and item s analyses (FT 1,6) = 48.71, p < .05) 
also ind ica ted an achievem ent effect w ith  the  h igh achievem ent subjects 
scoring (x = 1.57) be tte r than  the low  achievem ent subjects (x  = 0.98).
The subjects analysis indicated a treatm ent effect w ith  the ord inary 
no ta tio n  group scoring (x  = 1.47) be tte r th a n  the tree no ta tion  group
(x  = 1.07). A lthough no such m ain effect was found in  the item s 
analysis, the  item s analysis d id  reveal a school by trea tm ent in te raction
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Table 4.7.
Posttest Expanded Summary ANOVA Including Between And Within
Subject Effects for Rejection Tasks
Source Type III
Sum o f Sauares
d f Mean F 
Sauare Value
BETWEEN SUBJECT EFFECTS 
SCHOOL 7.85 1 7.85 6.09
SEX 3.36 1 3.36 2.61
ACH 11.84 1 11.84 9.19
TRMT 6.04 1 6.04 4 .6 8 ’
SCH*SEX 0.55 1 0.55 0.43
SCH*ACH 4.77 1 4.77 3.70
SCH*TRMT 1.73 1 1.73 1.35
SEX*ACH 0.04 1 0.04 0.03
SEX*TRMT 0.00 1 0.00 0.00
TRMT*ACH 2.40 1 2.40 1.86
SCH*SEX*ACH 2.57 1 2.57 1.99
SCH*SEX*TRMT 0.45 1 0.45 0.35
SCH*ACH*TRMT 0.61 1 0.61 0.47
SEX*TRMT*ACH 1.77 1 1.77 1.37
SCH*SEX*ACH*TRMT 0.00 1 0.00 0.00
ERROR 94.06 73 1.29
W ITHIN SUBJECT EFFECTS
RULE TYPE 0.94 1 0.94 1.50
TYPE*SCHOOL 0.02 1 0.02 0.04
TYPE*SEX 2.01 1 2.01 3.22
TYPE*ACH 0.50 1 0.50 0.80
TYPE*TRMT 0.24 1 0.24 0.39
TYPE*SCH*SEX 0.43 1 0.43 0.69
TYPE*SCH*ACH 0.67 1 0.67 1.07
TYPE*SCH*TRMT 1.07 1 1.07 1.72
TYPE*SEX*ACH 0.07 1 0.07 0.11
TYPE*SEX*TRMT 0.03 1 0.03 0.05
TYPE*TRMT*ACH 0.00 1 0.54 0.01
TYPE*SCH*SEX*ACH 0.05 1 0.05 0.09
TYPE*SCH*SEX*TRMT 0.45 1 0.45 0.71
TYPE*SCH*ACH*TRMT 0.05 1 0.05 0.09
TYPE*SEX*TRMT*ACH 0.03 1 0.03 0.04
TYPE*SCH*SEX*ACH*TRMT 0.36 1 0.36 0.58
ERROR fTYPE) 45.55 73 0.62
Note: * S ignificant a t .05 level ** S ignificant a t .005 level
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(H1.6) = 9.04, p < .05), as w ell as a three-w ay in te ractio n  between 
school, treatm ent, and ru le  type (H i.6) = 6.91, p < .05) and a four-w ay 
in te raction  invo lving treatm ent and ru le  type, as w ell as school and 
gender (H I.6) = 6.05, p < .05).
To fu rth e r examine the item s analysis in te raction  invo lv ing  ru le  
type and treatm ent, the ce ll means o f the four-w ay in te raction  are 
provided in  Table 4.8.
Scores o f the B aker male subjects support the hypothesis in  th a t 
w h ile  the ru le  types are approxim ately equal in  tree no ta tion , the v isua l 
ru les are harder to  constra in  than  the propositiona l ru les in  o rd inary 
no ta tion . In  general bo th  the Southeast M iddle School scores and female 
subject scores are low. Floor effects sure ly are present since several o f
Southeast M iddle School scores are approxim ate ly chance (x = 0.68).
A lthough no s ign ifican t treatm ent by ru le  type in te raction  was 
found fo r the posttest re jection tasks in  the subjects analysis, i t  is 
in te resting  to  note th a t the pa ttern  o f resu lts was fo r v isua l item s to  be 
m ore d iffic u lt to  constra in  than  propositiona l item s. Table 4.6 indicates 
subjects scored h igher (though no t s ign ificantly) on the propositiona l 
item s in  o rd inary no ta tion , w hile scores on the  ru le  types were 
approxim ately equal in  tree notation. Some design issues are discussed 
in  C hapter Five th a t m ay explain the absence o f significance.
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Table 4.8.
Posttest Cell Means o f the Item s Analysis fo r the  Gender bv School bv 
N otation Treatm ent by Rule Type In te raction  fo r Rejection Tasks
MALES
SCHOOL 1 * SCHOOL 2
VISUAL PROPOSITIONAL VISUAL PROPOSITIONAL
ORD 1.77 2.54 1.10 1.20
(13) (13) (10) (10)
TREE 1.33 1.44 0.90 1.30
(9) (9) (10) (10)
FEMALES
SCHOOL 1 SCHOOL 2
VISUAL PROPOSITIONAL VISUAL PROPOSITIONAL
ORD 1.40 1.40 1.08 1.08
(10) (10) (13) (13)
TREE 1.15 0.92 0.82 0.82
(13) (13) (11) (11)
* School 1 = Baker M iddle School, School 2 = Southeast M iddle School
Retention Test Results fo r Relection Tasks
The ANOVA sum m ary analysis o f between and w ith in  subject 
effects fo r the  re ten tion  test re jection tasks is  given in  Table 4.9.
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Table 4.9.
Retention Test Expanded Sum m ary ANOVA Including Between and Within
Subject Effects for Rejection Tasks
Source Type III
Sum o f Sauares
d f Mean F 
Sauare Value
BETWEEN SUBJECT EFFECTS 
SCHOOL 0.41 1 0.41 0.47
SEX 0.02 1 0.02 0.02
ACH 5.44 1 5.44 6.23 *
TRMT 1.78 1 1.78 2.04
SCH*SEX 0.18 1 0.18 0.20
SCH*ACH 2.99 1 2.99 3.43
SCH*TRMT 11.48 1 11.48 13.15
SEX*ACH 0.14 1 0.14 0.16
SEX*TRMT 1.25 1 1.25 1.43
TRMT*ACH 3.85 1 3.85 4.41 *
SCH*SEX*ACH 0.36 1 0.36 0.41
SCH*SEX*TRMT 2.19 1 2.19 2.51
SCH*ACH*TRMT 0.45 1 0.45 0.52
SEX*TRMT*ACH 2.19 1 2.19 2.51
SCH*SEX*ACH*TRMT 1.10 1 1.10 1.26
ERROR 61.13 70 0.87
W ITHIN SUBJECT EFFECTS
RULE TYPE 0.00 1 0.00 0.00
TYPE*SCHOOL 0.31 1 0.31 0.54
TYPE*SEX 0.00 1 0.00 0.00
TYPE*ACH 1.06 1 1.06 1.85
TYPE*TRMT 0.52 1 0.52 0.91
TYPE*SCH*SEX 1.56 1 1.56 2.72
TYPE*SCH*ACH 0.14 1 0.14 0.25
TYPE*SCH*TRMT 3.13 1 3.13 5 .4 7 *
TYPE*SEX*ACH 0.43 1 0.43 0.75
TYPE *S EX*TRMT 2.00 1 2.00 3.49
TYPE*TRMT*ACH 0.37 1 0.37 0.64
TYPE*SCH*SEX*ACH 0.39 1 0.39 0.67
TYPE*SCH*SEX*TRMT 1.28 1 1.28 2.23
TYPE*SCH*ACH*TRMT 0.02 1 0.02 0.03
TYPE*SEX*TRMT*ACH 0.43 1 0.43 0.75
TYPE*SCH*SEX*ACH*TRMT 0.00 1 0.00 0.00
ERROR flYPE l 40.09 70 0.57
Note: * S ignificant a t .05 level ** S ignificant a t .0005 level
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As expected, the h igh achievement group scored (x = 1.20)
s ign ifican tly  h igher than  did the low  achievement group (x  = 0.81) in  the
between subjects analysis and the item s analysis (FU.6) = 7.78, p < .05). 
B oth the subjects and item s analyses (.FT 1,6) = 12.05, p < .05) ind icated 
a school by treatm ent in te raction, and the subjects analysis ind icated an 
in te raction  between ru le  type and treatm ent, as w ell as school. The cell 
means fo r th is  in te raction  are provided in  Table 4.10.
Table 4.10.
R etention Test Cell Means o f the Interaction Involving School. N otation 
Treatm ent, and Rule Type fo r Rejection Tasks
BAKER MIDDLE SOUTHEAST M IDDLE
VISUAL PROPOSITIONAL VISUAL PROPOSITIONAL
ORD 1.17 1.70 0.88 0.67
(23)* (23) (24) (24)
TREE 0.84 0.58 1.10 1.10
(19) (19) (20) (20)
Note: * Values in  parentheses represent num ber o f subjects w ith in  cell.
Note the data fo r Baker M iddle School seems to support the 
hypothesis th a t v isua l ru les are harder to constra in than  propositiona l 
ru les in  o rd inary notation. Indeed, an analysis ho ld ing school fixed
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yielded a s ign ifican t ru le  type by treatm ent in te raction  fo r Baker M iddle 
School (-FU.34) = 5.74, p  < .05). In  general the Southeast M iddle School 
scores were once again low. F u rthe r exam ination found males a t 
Southeast M iddle School w orking in  o rd inary no ta tion  scored abnorm ally
low  (x  = 0.40) on the propositiona l tasks. Since a mean o f 0.67
corresponds to  chance, scores are probably too low  to m anifest 
significance. Furtherm ore, Southeast M iddle School subjects w ork ing  in  
tree no ta tion  perform ed be tte r than  subjects w orking in  ord inary 
no ta tion  on bo th  the v isua l and propositiona l ru les. Such anomalous 
resu lts  are unexplainable, since both treatm ent groups were taugh t 
iden tica l lessons except fo r notation.
The subjects analysis ind icated a treatm ent by achievement 
in te raction . The means o f the in te raction  are given in  Table 4.11.
A  posthoc t-te s t on ly ind icated th a t the h igh  achievem ent subjects 
perform ed be tte r than  the low  achievement subjects w ork ing  in  the 
o rd ina ry algebra no ta tion  (£(92) = 3.31, p < .01).
The item s analysis fo r th is  ins trum en t ind icated a three-way 
in te raction  invo lving achievement, treatm ent, and gender (Ft 1,6) = 9.97, 
p < .05) and a four-w ay in te raction  invo lving achievement, treatm ent, 
gender, and school (F (l,6 ) = 6.85, p < .05), ne ithe r o f w h ich  were found 
in  the subjects analysis.
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
84
Table 4.11.
Retention Test Means fo r the  Treatm ent bv  Achievem ent In te raction  fo r 
Rejection Tasks





* Values in  parentheses represent num ber o f subjects w ith in  cell
Analysis o f Ind iv idua l Item s 
In  th is  section, each ru le  is  analyzed separately. The percentage 
th a t each ru le  type was answered correctly fo r the recognition and 
re jection tasks on the posttest is  given in  Table 4.12 in  bo th  the o rd ina ry 
algebra and syntactic tree notation.
In  support o f the theory, the easiest ru les to  recognize in  o rd ina ry
no ta tion  were the v isua l ru les (xy)_1 = x y _1 and (—)(—) =
y  z yz
S urp ris ing ly, the hardest ru le  to recognize was the shortest o f a ll the 
ru les, the propositiona l ru le  x fy 1) = A lthough subjects m ay have 
confused i t  w ith  the v isua l ru le  (x3') '1 = x y_1 because o f the common "-1"
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Table 4.12.
Percentage Answered C orrectly on the E ight Transform ations on the 
Posttest
Percent Answered C orrectly
Recognition Reiection
V isua l Rules Ord Tree Ord Tree
2(x - y) = 2x - 2y 46 43 34 18aiiN5 47 39 51 20
1X11r-<1 62 37 32 24
( - ) ( - )  = — 73 67 17 40y  z yz
P ropositional Rules
x2 - y2 = (x - y)(x + y) 48 31 45 24
(x - y) + (w - z) = (x + w) - (y + z) 45 68 28 49
(x - l ) 2 = (x2 - 2x) + 1 40 41 55 16
x(y_1) = * 31 41 28 16
y
exponent, the propositiona l ru le  was noteably the more d iffic u lt o f the 
tw o ru les.
In  tree notation, the two ru les in  Figure 4.1 were the easiest to 
recognize and were approxim ately equivalent in  d ifficu lty . The h igh 
percentages like ly  resulted, because (1) the le ft and rig h t sides o f each 
ru le  are s im ila r, and (2) the two ru les are s im ila r to each other. Because 
o f the  s im ila rity  between the two ru les, i t  is  lik e ly  th a t lea rn ing  transfe r
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(1) (—)(—) = —  and (2) (x - y) + (w - z) = (x + w) - (y + z). y  z yz
Figure 4.1. Com parison o f Two P ropositionally S im ila r Rules
occurred and increased the percent answered correctly o f the two ru les. 
In  support, note th a t (x - y) + (w - z) = (x + w) - (y + z) is  the on ly ru le  in  
w h ich  the percent answered correctly is h igher in  tree no ta tion  tha n  in  
o rd ina ry no ta tion . The propositiona l characteristics o f the  two ru les are 
n o t v isu a lly  sa lien t as is ind icated by th e ir qu ite  d iffe rent percentages in  
o rd ina ry notation. A lthough m ost o f the other ru les were approxim ately 
equivalent in  d ifficu lty , the difference o f squares ru le  was the hardest 
ru le  to recognize, perhaps because o f its  very d iffe ren t le ft and rig h t 
sides.
In  general the percentages answered correctly fo r the re jection 
tasks were m uch lower. In  o rd ina ry notation, (x - l) 2 = (x2 - 2x) + 1 and 
(xy)2 = x2y2 were the easiest ru les on w hich to constra in 
overgeneralization tendencies. S urpris ingly, one o f the ru les was a v isua l 
ru le . Possible reasons fo r such an anom alous re su lt are provided in  
C hapter Five. In  tree notation, (x - y) + (w - z) = (x + w) - (y + z) and
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X  w  x w(—)(—) = —  were once again noteably the easiest ru les to constra in, 
y  z yz
And again, the reason is  lik e ly  due to the s im ila rity  o f the two ru les in  
tree no ta tion  and the occurrence o f learn ing transfer.
Results o f the re tention  test (Table 4.13) were s im ila r to  those o f 
the posttest, b u t ind ica ted tim e effects.
Table 4.13.
Ppirrentage Answered C orrectly on the E ight Transform ations on the 
R etention Test
V isua l Rules
2(x - y) = 2x - 2y 
(xy)2 = x2y2 
(xT)-1 = x y -1
(5(3 -  ™
y z yz
Pronositional Rules
x 2 - y2 = (x - y)(x + y)
(x - y) + (w - z) = (x + w) - (y + z) 
(x - l) 2 = (x2 - 2x) + 1
x ly 1) = *
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The re tention  test resu lts apparently support the resu lts  discussed 
above fo r the posttest w ith  few differences. The m u ltip lica tio n  o f 
fractions ru le  was once again the easiest ru le  to  recognize in  o rd ina ry 
no ta tion , b u t su rp ris ing ly  2(x - y) = 2x - 2y was the m ost d iffic u lt. The 
tim e delay apparently affected some ru les more than  others, p a rtic u la iy  
2(x - y) = 2x - 2y.
V TIT VTT7
In  tree no ta tion , (x - y) + (w - z) = (x + w) - (y + z) and (—)(—) = —
y  z yz
were again the easiest ru les to  recognize, a lthough th e ir percentages 
were n o t as close as on the posttest. A pparently these two ru les were 
easier to  leam  because o f th e ir s im ila r patterns in  tree notation.
The re jection task percentages were very low  and ce rta in ly  
ind ica ted floo r effects since chance on such item s corresponds to  17%. 
The m u ltip lica tio n  o f fractions ru le  was again the m ost d iffic u lt ru le  on 
w h ich  to  constra in overgeneralization tendencies, strong ly suggesting its  
a rithm e tic  analog is a t least p a rtia lly  v isua l. F loor effects occurred on a ll 
re jection item s in  tree notation.
Q ualita tive Results
On the qualita tive instrum ent, subjects were asked to ra te each 
ru le  type as hard, easy, or ne ithe r easy no r hard. The resu lts  o f bo th  
no ta tion  groups are reported in  Table 4.14.
These resu lts  ind icate th a t students in  bo th  treatm ent groups 
perceived the m u ltip lica tio n  o f tw o fractions ru le  as being the easiest ru le
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Table 4.14.
S u m m ary  o f the  Q ualita tive Instrum ent Used W ith  the Posttest
Percent Who Rated
HARD EASY NEITHER
V isua l Rules O T* O T O T
to ST i ii it 11 18 70 68 19 14
(xy)2 = x2y2 32 36 55 48 13 16
'x
' 1 1—4 II i >-4 28 43 55 45 17 11
_ xw  
y  "z yz
4 11 96 82 0 7
P ronositional Rules O T* O T O 1
x 2 - y2 = (x - y)(x + y) 23 50 51 30 26 20
(x - y) + (w - z) = (x + w) - (y + z) 43 23 43 70 15 7
(x - l ) 2 = (x2 - 2x) + 1 57 64 32 23 11 14
x fy -1) = -
y
32 36 51 43 17 20
* 0  - o rd ina ry algebra notation, T  - syntactic tree no ta tion
to  leam  and (x - l) 2 = (x2 - 2x) + 1 as being the hardest to leam . The fac t 
th a t trea tm ent affected students’ perceptions o f the ru les is  seen in  th a t 
70% o f the students w orking in  the syntactic tree no ta tion  rated the ru le  
(x - y) + (w - z) = (x + w) - (y + z) as being easy, in  con trast to  on ly  43% o f 
those w ork ing  in  o rd inary algebra notation. Note th a t th is  ru le  is  un ique 
in  th a t the percentage o f students find ing  i t  easy was h igher among 
those w orking in  the syntactic tree no ta tion  than  those w ork ing  in  the 
o rd ina ry algebra no ta tion . For a ll other ru les, the  percentage o f those
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ra tin g  them  easy was h igher among those w orking in  o rd ina ry algebra 
no ta tion . The reason fo r such an anom alous re su lt in  tree no ta tion  is 
tu a t lea rn ing  transfe r occurred between the ru le  and the m u ltip lica tio n  
o f two fractions ru le .
More im portan tly , note th a t the ra tings o f those who rated a ru le  
easy in  o rd ina ry no ta tion  were highest fo r the fo u r v isua l ru les. I t  was 
n o t tru e  fo r those w orking in  syntactic tree notation. B oth o f these 
resu lts  are predicted by the theory.
A lthough i t  is  questionable to use introspective accounts fo r 
exam ination o f transform ations since such accounts can on ly reflect 
ra tiona l, conscious knowledge o f subjects (Chomsky, 1957; K irshner et 
a l., 1991), knowledge o f subjects’ beliefs m igh t help in  understanding the 
previously discussed item s analyses. D iscussion is  provided in  Chapter 
Five, w ith  illu s tra tio n s  from  the interview  protocols.
Summary
B oth the posttest and re tention  test ind icated, w ith  the exception 
o f the low  achievem ent subjects on the posttest, v isua l ru les are in itia lly  
apprehended more easily tha n  non-visual ru les. The item s analysis on 
bo th  tests found a ru le  type by treatm ent in te raction , b u t included an 
add itiona l in te raction  w ith  achievem ent (posttest) or achievem ent and 
school (retention test). The item s analyses supported the subjects 
analysis find ings in  general, b u t a t d iffe ren t strengths depending on
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school and achievement. Results fo r the recognition tasks were then 
generalizable across subjects and the ru le  examples used in  the study.
For the re jection tasks, the consistent trend in  the data was fo r 
v isua l item s to  be more d iffic u lt to constra in than  propositiona l item s; 
though, because o f floo r effects, these differences were sig n ific a n t only 
fo r the re tention  test a t the stronger o f the two schools used. A  
s ign ifica n t in te raction  invo lv ing  ru le  type and treatm ent, as w ell as 
school was found on the posttest item s analysis, b u t no such in te raction  
was found on the re tention  test item s analysis because o f floo r effects. 
Results fo r the re jection tasks were no t then generalizable across the ru le  
examples used in  the study. Conclusions and discussion o f these resu lts 
are found in  Chapter Five.
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CHAPTER 5
CONCLUSIONS, DISCUSSION, LIMITATIONS AND IMPLICATIONS
The p rin c ip a l purpose o f th is  s tudy was to  investigate w hether the 
transfo rm ationa l com ponent o f elem entary algebra is  composed o f a 
com bination o f propositiona l ru les and ru les th a t have im m ediate ly 
sa lien t v isua l properties. Th is theory stands in  con trast to  the 
assum ption o f m any cognitive psychologists and m athem atics educators 
th a t the transfo rm ationa l com ponent is  s tric tly  a propositiona l dom ain 
(e.g., La rk in , 1989; Matz, 1980; Sowder, 1980; W agner, R achlin , &  
Jensen, 1984). The theory predicts th a t v isua l ru les are easier to  leam  
tha n  propositiona l ru les, b u t harder to understand. The reason is  th a t 
students can more easily recognize and feel- a t ease w ith  v isua l ru les  
because o f th e ir im m ediate v isua l salience, b u t consequently they m ay 
be less successful in  determ ining the constra in ts on ru le  app lica tion  th a t 
propositiona l in s ta n tia tio n  facilita tes.
A  syntactic tree no ta tion  was used to  express the  p ropositiona l 
content o f a transfo rm ationa l ru le , w h ile  d is to rtin g  the positiona l 
features th a t underlie  its  possible v isua l salience. The effect o f v isua l 
salience could then be observed by com paring the in itia l acq u is ition  o f
92
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propositiona l and v isua l algebra ru les in  tree no ta tion  and o rd ina ry 
algebra no ta tion .
Two types o f tasks were prepared fo r each ru le : recognition tasks 
and re jection  tasks. Recognition tasks involved students in  iden tify ing  
ro u tin e  applications o f the ru les w hich they had been taught. Rejection 
item s involved expressions th a t were sim ila r  in  some ways to expressions 
th a t m eet the  requirem ents o f a ru le , b u t were n o t ac tu a lly  transform able 
b y  the  ru le . For example, x2 + y2 = (x - y)(x + y) closely resembles an 
app lica tion  o f the difference o f squares ru le , b u t is  not. Rejection tasks, 
then, encouraged students to  overgeneralize the algebra ru les. I t  was 
hypothesized th a t constra in ing the context o f app lica tion  o f a ru le  m igh t 
be easier i f  the ru le  is  propositiona lly, ra the r tha n  v isua lly , encoded.
For the  recognition tasks, the theory predicted th a t scores on the 
v isua l ru les w ould be s ign ifican tly  be tter than  scores on the propositiona l 
ru les in  the  o rd inary algebra notation, whereas the scores on the ru le  
types w ou ld no t s ign ifica n tly  d iffe r in  the syntactic tree no ta tion . For 
re jection  tasks, the theory predicted th a t v isua l ru les should be more 
d iffic u lt to  constra in  accurately in  o rd inary no ta tion , whereas in  tree 
no ta tion , where v isua l characteristics are d istorted, no difference in  
d iffic u lty  w ould exist.
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C onclusions
Recognition Tasks 
On bo th  the posttest and re ten tion  test, subjects assigned to the 
syntactic tree no ta tion  treatm ent showed no s ign ifican t difference 
between the v isua l and propositiona l ru le  types. This suggests th a t the 
in te n tio n  to  choose ru les o f (roughly) equivalent propositiona l cognitive 
d iffic u lty  was successful.
On the posttest, h igh  achievem ent subjects perform ed as predicted 
by the theo iy. In  o rd ina ry  algebra no ta tion  they scored s ign ifican tly  
h igher on the v isua l tasks than  on the propositiona l ones. Results were 
also generalizable across ru le  examples, as was ind icated by an item s 
analysis. No s ign ifican t difference was found, however, between ru le  
types in  e ither no ta tion  fo r the low  achievement subjects. Nor were the 
find ings o f the  item s analysis s ign ifican t fo r such subjects. A lthough the 
difference was no t s ign ificant, i t  is  in te resting  to note th a t the low  
achievem ent subjects scored be tter on the v isua l tasks tha n  on the 
propositiona l tasks. However, a ll scores fo r th is  group were extrem ely 
low  and basem ent effects m ay explain the s ta tis tica l non-significance. 
I t  is  reasonable to speculate th a t the short teaching period was 
in su ffic ie n t fo r learn ing to occur fo r these weaker grade seven students.
On the re ten tion  test, the  pred ictions o f the  theory held fo r the 
en tire  sample o f stronger and weaker groups. The re tention  test resu lts
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ind icated th a t v isu a lly  sa lien t ru les were s ign ifica n tly  easier to  recognize 
than  propositiona l ru les in  o rd ina ry notation, whereas v isua l and non­
v isua l ru les were equally d iffic u lt in  syntactic tree no ta tion . These 
resu lts  suggest th a t v isua l ru les are indeed d iffe ren t from  propositiona l 
ru les and th a t the difference resides in  the presence o r absence o f v isua l 
salience. The resu lts support the hypothesis th a t v isu a l ru les are 
in itia lly  learned more easily in  ord inary algebra no ta tion  tha n  non-visual 
ru les. (The term  "leam " here refers to the student’s a b ility  to  recognize 
ro u tine  applications o f ru les and no t to  constructing  propositiona l 
representations o f the ru le .) These resu lts are n o t on ly generalizable 
across subjects, b u t across ru le  examples too, as was ind ica ted by an 
item s analysis.
Q ualita tive data fo r the o rd ina ry no ta tion  tasks also support the 
theory. S tudents judged visua l ru les to be less d iffic u lt than  
propositiona l ru les. Indeed, in  o rd ina ry no ta tion  a ll fo u r v isua l ru les 
were rated easier more often than the fou r propositiona l ru les. The ru les 
judged to be easy were also more d iffic u lt to constra in . For example, 
96% o f the subjects w orking in  o rd inary no ta tion  rated the  m u ltip lica tio n  
o f fractions ru le  as easy and 73% answered i t  correctly on the recognition 
tasks, b u t only 17% answered i t  correctly on the re jection  tasks. Thus 
judgem ents o f d iffic u lty  seem to be based on the recogn izability o f the 
ru le  and no t on understanding. The ease w ith  w h ich  v isua l ru les are
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
96
In itia lly  acquired mediates against the development o f a p ropositiona l 
representation.
Introspective accounts o f the students seem, then, to  re flect actua l 
perform ance o f recognizing rou tine  applications o f ru les, since the  s tudy 
ind ica ted v isua l ru les are in itia lly  apprehended more easily. The theory 
explains th is  phenomenon in  th a t i t  predicts students m ore easily 
recognize and feel a t ease w ith  v isua l ru les because o f th e ir im m ediate 
v isua l salience. Consequently, students should feel v isua l ru les are 
easier to leam .
A n achievem ent effect was found fo r bo th  instrum ents. 
U nsurpris ing ly, the h igh achievement subjects scored h igher th a n  the 
low  achievem ent subjects.
Rejection Tasks
The theory predicts resu lts  fo r the re jection tasks th a t are d iffe ren t 
th a n  the recognition task resu lts. I t  was hypothesized th a t re jection 
tasks w ould be more successfully accom plished w ith  a m ore 
propositiona l understanding. Because visua l ru les m ay be acquired 
more easily w ith o u t an understanding o f the underly ing  propositiona l 
m eaning, they should be more d iffic u lt to  constra in accurately. Thus, i t  
was predicted th a t in  o rd inary algebra no tation, scores on the 
propositiona l item s should be be tte r tha n  those on the v isu a l item s. The 
scores should no t d iffe r in  syntactic tree notation.
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On both  the posttest and re tention  test, subjects assigned to  the 
tree no ta tio n  trea tm ent showed no s ign ifican t difference between the 
v isu a l and propositiona l ru le  types. The in te n tio n  then to  choose 
re jection  tasks o f approxim ate ly equal cognitive d ifficu ltyw a s  successful.
No s ign ifica n t trea tm ent by type in te raction  was found on the 
posttest in  o rd ina ry  no ta tion , a lthough the general trend  o f the  data 
supported the hypothesis. Whereas scores were approxim ate ly equal fo r 
the  ru le  types in  tree no ta tion , the scores on the propositiona l tasks were 
b e tte r (though no t sign ificantly) th a n  those on the v isua l tasks in  
o rd ina ry  no ta tion .
On the re ten tion  test, there were s ign ifican t differences as 
predicted by the study; though on ly a t the stronger o f the tw o schools 
(Baker M iddle School). Thus these re jection task  resu lts  tended in  the 
opposite d irection  to  the  recognition tasks, in  w h ich  v isua l item s were 
s ig n ifica n tly  easier th a n  non-visua l item s. S till, the re jection task  resu lts 
d id  n o t conform  (in general) to the predictions o f the theory, and i t  is  
w orthw h ile  to  review features o f the design o f the study th a t m ay help to 
exp lain the  absence o f s ign ifican t differences.
Rejection Task Selection: A  Question o f S im ila rity
Recall, re jection tasks were devised to  see i f  subjects could 
constra in  the tendency to  overgeneralize ru le  application. Expressions
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s im ila r (but n o t identica l) to the ru le  context were constructed fo r th is  
purpose.
In  C hapter Three a theoretical basis o f s im ila rity  in  syntactic tree 
no ta tion  between the re jection task expressions and the actua l ru les to 
w h ich  they are s im ila r was presented. B asica lly the idea is  th a t 
s im ila rity  was in te rpre ted in  the study as an a rb itra ry  deform ation  o f the 
in itia l expression o f a ru le . Expression deform ations were achieved by 
operation moves, operation changes, constant changes, o r reparsing.
Here are some examples. For the ru le  2(x - y) = 2x  - 2y, the 
re jection  task  used was (2 - x)y = 2x - 2y. The sub traction  operation has 
been "moved" from  between the "x" and "y" in  2(x - y) to  between the "2" 
and "x" in  the  re jection item  (2 - x)y. For the  ru le  (x - y) + (w - z) = 
(x + w) - (y + z), the re jection task used was (x - y)(w - z) = (x + w) - (y + z), 
w h ich  represents an operation change from  add ition  to m u ltip lica tio n . 
For the  ru le  x2 - y2 = (x - y)(x + y), the re jection  task used was
x "1 - y 1 = (x -  y)(x + y ) , w hich represents a constant change from  "2" 
to  "-1 ." For the ru le  x(y_1) = the re jection task  used was (xy)"1 = —.
y y
A  reparsing o f x(y_1) has regrouped the "x" and "y" to  form  (xy)'1.
A  problem  w ith  th is  de fin ition  is  th a t the  need to  theorize 
"s im ila rity " d iffe ren tly  fo r tree notation and o rd ina ry  no ta tion  was no t 
considered. For tree no ta tion , s im ila rity  was theorized proposition a lly  as
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constan t changes, operation changes, operation moves, o r reparsing. 
B u t because v isu a l ru le s  are hypothesized to  derive th e ir coherence from  
v isu a l s tru c tu re s , re jection  tasks w ould need to  m a in ta in  aspects o f 
v isu a l coherence in  order to  be effective.
T h is was n o t always the case. For instance, (2 - x)y = 2x  - 2y and
xy2 _ x 2y 2 were use(j  as re jection  item s, b u t these ru le s  appear n o t to
re ta in  the  v isu a l salience o f the  o rig in a l ru le s, 2(x - y) = 2x - 2y and 
(xy)2 = x 2y2, respectively. No defined c rite ria  existed, then, to  guide 
co n stru c tio n  o f re jection  tasks in  o rd in a ry  no ta tion .
Post hoc re flection  suggests th a t s im ila rity  o f v isu a l expressions 
should  be based on a deform ation th a t presents a visua lly  sa lien t analog 
o f a ru le . An exam ple can illu s tra te  the p o in t. In  considering re jection  
item s fo r the  d is trib u tive  ru le  2(x - y) = 2x - 2y, a m ore v isu a lly  sa lie n t 
ta sk  such as 2(x*y) = 2x*2y w ou ld be a b e tte r choice th a n  the  ta sk  
(2 - x)y = 2x - 2y, w h ich  was a c tu a lly  used in  the  study. A  fu lle r 
d iscussion o f w ha t constitu tes v isu a l salience is  covered in  the 
d iscussion section.
Because re jection  item s were inco nsis ten t in  preserving the  v isu a l 
salience o f the  o rig in a l v isu a l item s, sub jects w ould no t have been 
v is u a lly  enticed to  overgeneralize the  re je ction  tasks th a t a c tu a lly  were 
used. A  b e tte r selection o f re jection  tasks w h ich  are deform ations th a t
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present a v is u a lly  sa lien t analog o f a ru le  m igh t have produced re su lts  
th a t b e tte r support the hypothesis. F u rth e r d iscussion is  provided in  the  
lim ita tio n s  section o f th is  chapter.
L im itations
T h is section discusses factors in  the design o f th is  s tud y w h ich  
m ig h t lim it its  usefulness to  o ther researchers and educators.
Ins trum e n t R e lia b ility
The C ronbach C oefficient A lpha was used to  evaluate in s tru m e n t 
re lia b ilitie s  w ith  the  fo llow ing  re su lts : v isu a l ru le  recogn ition  tasks (.60). 
p ropo sitiona l ru le  recogn ition  tasks (.66). v isu a l ru le  re je c tio n  tasks (.21), 
and p ropositiona l ru le  re jection  tasks (.39). Due to  the  sm a ll num ber o f 
elem ents in  each group (there were eight recogn ition  tasks and fo u r 
re je ction  tasks fo r each ru le  type), low  re lia b ilitie s  were expected. Such 
low  values fo r the re jection  tasks do b rin g  in to  question the  re lia b ility  o f 
the  re jection  ta sk in s tru m e n t. I t  is  recom m ended th a t the  num ber o f 
tasks be increased on fu tu re  instrum ents.
Researcher B ias
The researcher was the in s tru c to r fo r bo th  trea tm ents in  the  study. 
C lassroom  teachers or o ther researchers could have been tra in e d  to  
conduct the  treatm ents, b u t th is  w ould have created fu rth e r design 
problem s and opportun ities fo r trea tm ent b ias.
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The p o s s ib ility  o f tre a tm ent b ias exists, a lthough each tre a tm ent 
group was ta u g h t the  same ru le s  and exam ples, order o f p resen ta tion  
was id e n tica l in  a ll groups, and e ffo rt was made to  use the  same 
language in  b o th  trea tm ents. A  n o n p a rtic ip a n t observer was h ire d  to  
observe a ll trea tm ents and re p o rt possible instances o f b ias, b u t none 
were reported (See A ppendix I).
P revious Exposure o f S ubjects to  A lgebraic R ules in  A rith m e tic  S ettings
A ny sub ject fa m ilia r ity  w ith  the  ru le s used in  the s tud y o r previous 
exposure to  a lgebraic n o ta tio n  w ou ld contam inate the study. To avoid 
such con tam ina tion  seventh grade students were chosen as sub jects. 
These students d id  have lim ite d  exposure w ith  "squares" and "cubes," 
b u t had n o t p reviously encountered ru le s expressed w ith  variab les.
The m u ltip lic a tio n  o f fra c tio n s  ru le  is  the on ly ru le  used in  the 
s tu d y th a t students had p reviously encountered in  an a rith m e tic  se tting . 
Thus the  p o s s ib ility  exists th a t acq u is itio n  o f the algebra version in  th is  
s tu d y was thereby fa c ilita te d . Indeed, th is  item  had the h ighest percent 
answered co rre ctly  fo r recogn ition  tasks in  o rd in a ry  n o ta tio n  on bo th  the 
po sttest and re te n tio n  te s t (73% and 66%, respectively).
A  va rie ty  o f considerations suggest th a t th is  was n o t a s ig n ifica n t 
fa c to r in  the study. F irs t, the  item s analyses fo r the re cogn ition  tasks 
ind ica ted  re su lts  o f the  s tud y were general across ru le  exam ples, th a t is , 
no in d iv id u a l ru le  biased the  study.
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Second, the  ru le  (x *)'1 = x 7 " 1 was answered co rrectly  62% o f the
tim e  in  o rd in a ry  algebra no ta tio n . Thus the  m u ltip lic a tio n  o f tw o 
fra c tio n s  ru le  was n o t the  on ly  v isu a l ru le  answered co rrectly  a large 
num ber o f tim es. The suggestion th a t (xy)_1 = x y _1 was easy because o f 
its  sm a ll num ber o f operations is  suspect, because the  ru le  x (y x) = _  
has one few er operator, b u t was answered co rrectly  by o n ly  31%  o f the 
subjects.
T h ird , the ru le  was answered co rrectly  73% o f the tim e on the 
o rd in a ry  n o ta tio n  posttest recogn ition  tasks, b u t on ly 17% o f the tim e  as 
a re je ction  task. Such a low  percentage (alm ost h a lf the  next low est 
percentage) dem onstrates th a t the  analogous a rith m e tic  ru le  associated 
w ith  the  te s t item  m ust also be p a rtia lly  v isu a l. O therw ise its  
p ro p o s itio n a l basis w ou ld have helped to  constra in  overgeneralization o f 
the  re je ction  item .
Test Item  R estrictions
Test item s were constructed by s u b s titu tio n  o f le tte rs  and 
constants, b u t never by su b s titu tin g  subexpressions. For exam ple, bo th  
3(x + y) = 3x + 3y and x2(3y + 2) = x 2-3y + x 2-2 are s tru c tu ra lly  
equ iva lent to  a(b + c) = ab + ac. B u t on ly  the fo rm er w h ich  su b stitu te s  
le tte rs  (or constants) fo r le tte rs  w ou ld  have been used in  the  study. The 
la tte r, w h ich  su b stitu te s  a fu ll subexpression fo r a le tte r, was no t used.
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The re s tric tio n  to  le tte r su b s titu tio n s  was a stra teg ic tradeo ff; algebra 
neophytes being given a b rie f trea tm ent m ay n o t have been able to  deal 
w ith  the fu ll range o f item s.
In  p rin c ip le , there are tw o types o f subexpression su b s titu tio n s  
th a t m igh t have been considered. The firs t involves subexpressions 
con ta in ing  w ide spacing parsing  features and parentheses (e.g., 
(x2 - y )(3 x  + 2) = (x2 - y )3 x  + (x2 - y)2  has th e  s tru c tu re  o f 
a(b + c) = ab + ac, b u t the "a" su b stitu te , x2 - y, has w ide spacing and 
parentheses). The second type are those subexpressions n o t con ta in ing  
w ide spacing parsing  features and parentheses, as illu s tra te d  in  
x2(3y + 2) = x2-3y + x2-2 above.
Since the study used on ly le tte r and constan t su b s titu tio n s , i t  can 
be questioned as to  w hether the re su lts  o f the s tud y are generalizable to  
the  m ore com m only used expressions w h ich  invo lve subexpression 
su b s titu tio n s . I t  is  reasonable to  expect, however, th a t since expressions 
invo lv ing  subexpression su b s titu tio n s  o f the second type con ta in  the 
same v isu a l s tru c tu re  o f a ru le  th a t is  contained in  expressions invo lv in g  
le tte r and constan t su b s titu tio n s , re su lts  o f the  stud y can be generalized 
to  them . F u rth e r research is  needed fo r con firm a tion .
Subexpression su b s titu tio n s  o f the firs t type (invo lv ing  w ide 
spacing parsing  features and grouping sym bols) seem to  efface the  v isu a l 
s tru c tu re  o f a ru le . For exam ple, the a(b + c) = ab + ac s tru c tu re  is
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som ewhat h idden in  (x2 - y)(3x + 2) = (x2 - y)3x + (x2 - y)2. Successful 
processing o f expressions w ith  subexpression su b s titu tio n s  con ta in in g  
w ide spacing parsing features and parentheses, then, m ay depend upon 
know ledge o f the  p ropo sitiona l (and n o t the v isua l) s tru c tu re  o f a ru le . 
T h is is  consisten t w ith  the  usu a l observation th a t such item s are very 
d iffic u lt fo r algebra students.
D iscussion
Several top ics w h ich  deserve fu rth e r a tte n tio n  emerged from  the 
s tu d y and are addressed here.
V isu a l Salience o f T ransform ations
The purpose o f th is  d isse rta tion  was to  determ ine i f  the  (ra the r 
vague) n o tio n  o f v isu a l salience has psychological re a lity . The stud y 
supports th a t there is  an in trin s ic  v isu a l salience in  ce rta in  ru les; n o t 
o thers. B u t w ha t are the v isu a l cha racte ristics th a t are cogn itive ly 
operative in  v isu a lly  sa lie n t transform ations?
C onducting the study has enabled fu rth e r re fle c tio n  as to  the 
cognitive basis o f v isu a l salience o f ru les. I propose th a t v isu a l salience 
depends upon tw o factors: (1) re p e titio n  o f elem ents; and (2) some sense 
o f a dynam ic v isu a l displacem ent o f elem ents, bo th  o f w h ich  m ust be 
m et.
R epetition  o f elem ents is  the reoccurrence o f elem ents on the  le ft 
and rig h t sides o f a ru le . Elements n o t on ly includes the  physica l
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sym bols representing variab les, operations, and constan ts, b u t also the 
v isu a l pa rsing  cha racte ris tics . R ecall K irshn e r (1989b) found  th a t the 
v isu a l pa rs ing  features o f w ide spacing, h o rizo n ta l and ve rtica l 
ju x ta p o s itio n , and diagonal ju x ta p o s itio n  correspond to  the  p ropo sitiona l 
constructs o f level 1 operations (add ition , sub tractio n ), leve l 2 operations 
(m u ltip lica tio n , d iv is ion ), and level 3 operations (exponentia tion, ra d ica l), 
respective ly, w h ich  define the  pa rsing  h ie ra rch y o f operations.
A  c ritic a l repeating elem ent in  the  v isu a l ru le  a(b + c) = ab + ac, fo r
exam ple, is  the  w ide spacing parsing  fea ture. C onsider (1) (xm)n = x 1™1.
A lthough  on ly the  le ft side o f the  ru le  conta ins the  elem ents "(" and ")," 
b o th  sides o f the ru le  con ta in  the  m ore c ritic a l elem ents "x," "m ," "n ," 
diagonal ju x ta p o s itio n , and h o rizo n ta l ju x ta p o s itio n .
Com pare ru le  (1) above w ith  (2) x mx n = x m* n. B oth  are v isu a l
ru le s , b u t the second ru le  conta ins an a d d itio n a l p lu s  sign  on its  rig h t- 
hand side (therefore v io la tin g  the  re p e titio n  o f elem ents con d ition ). Th is 
y ie lds the  p re d ic tio n  th a t the firs t ru le  w ou ld  have m ore v isu a l coherence 
th a n  does the second. (The ve rifica tio n  o f such speculations is  beyond 
the  scope o f th is  study.)
We tu rn  next to  the second proposed co n d itio n  o f v isu a l salience 
in  a ru le  - existence o f a dynam ic v isu a l d isp lacem ent o f elem ents 
between the  tw o sides o f the  ru le . T h is co n d itio n  is  b y  fa r th e  m ore
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
106
elusive o f the tw o, and m ore d iffic u lt to  characterize in  a  precise way. 
R ather, I illu s tra te  possible s tru c tu ra l con stitue n ts o f th is  v isu a l 
displacem ent.
The dynam ic v isu a l displacem ent o f elem ents between th e  two 
sides o f a ru le  seems to  involve a v isu a l reparsing o f elem ents. V isua l 
reparsing  effects a re so lu tio n  on the  rig h t side o f the  equation o f 
s tru c tu ra l tension presented on the le ft side. The parse o f the  le ft-han d  
expression serves to  lim it the scope o f some operator and the rig h t-h a n d  
side in cu rs  on these boundaries p e rm ittin g  access to  p reviously 
clo iste red elem ents o f the le ft-han d  expression. For exam ple, in  
rem oving the parentheses in  (xy)2 = x ^ 2 there is  an in cu rs io n  on the 
parse o f the  le ft-h a n d  expression. The "2" now  has d ire c t access to  the 
p reviously clo istered elem ents, "x" and "y."
The exam ple (x7)2 = x 72 presents a som ewhat d iffe re n t m odel o f
v isu a l reparsing. In  th is  case there again is  an in cu rs io n  in to  re stric te d  
te rrito ry . B u t instead o f bonding w ith  a ll clo istered elem ents, the 
a ttachm ent stops w ith  the  closest elem ent. Thus the "z" bonds w ith  the 
"y," b u t n o t the  "x." Note th a t th is  n o tio n  o f v isu a l reparsing is  d is tin c t 
from  reparsing in  the o rd ina ry sense, in  th a t i t  is  n o t the  actua l 
operations th a t are preserved in  the  reparse, b u t on ly th e ir visual
character. Thus (x5)2 = x 72 changes the exponent opera tion th a t connects
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"x y" w ith  "z" fo r a m u ltip lica tio n  between "y" and "z," b u t the v isu a l
ch a ra cte ris tic  o f ho rizon ta l ju x ta p o s itio n  is  re ta ined (K irshner, 1989a).
A ll o f the v isu a l ru les we observed in  the algebra reperto ire  seem 
to  ob ta in  th e ir sense o f v isu a l cohension from  one o f these tw o 
m anifesta tions o f v isu a l reparsing. For exam ple, in  a(b + c) = ab + ac
and (xy)z = x zy z there is  an in cu rs io n  on the  parse o f the  le ft-han d
expression and the elem ent outside the parentheses in  the  le ft-han d
expression has access to  the previously clo istered elem ents inside the
parentheses. Such v isu a l transfo rm ations have been described as
"lin e a rity " (M atz, 1980), b u t are no rm a lly  noted as d is trib u tiv ity . In  
X w  xw(—)(—) = —  and (x ^ -1 = x y_1 there is  an in cu rs io n  on the parse o f the 
y  z yz
le ft-h a n d  expression, b u t elem ents bond w ith  on ly the closest elem ent.
The v isu a l salience o f transfo rm ations seems, then, to  depend on 
re p e titio n  o f sym bols and s ta tic  po s itiona l cha racte ristics, as w e ll as on 
dynam ic, d ire ction a l displacem ents. V isu a l transfo rm ations generally 
encode m ovem ents from  the le ft side o f the equal sign to  the rig h t - m uch 
as a succession o f fixed fram es in  a m otion p ic tu re  produce a sensation 
o f m ovem ent (K irshner, 1990). Th is sense o f m ovem ent consists o f a 
re form ing o f the le ft side o f the equation in to  the rig h t side, ra th e r tha n  
creating  a new expression s im ila r to  an already existing  one. Thus in  
lea rn ing  a v isu a l ru le , one does n o t study one side o f the ru le  and then
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the  o ther. The ru le  is  encoded as lin ke d  successive fram es, one 
tra nsfo rm ing  in to  the other, ju s t as the sense o f m ovem ent in  a m otion 
p ic tu re  lies in  the succession o f fram es, and n o t in  the in d iv id u a l fram es 
them selves (K irshner, 1990).
The con trast w ith  usua l (propositional) accounts o f algebraic 
know ledge should be m entioned. As K irshn e r (1990) states, an 
in fo rm a tio n  processing account o f such knowledge s tru c tu re s (e.g., 
A nderson’s 1983 ACT* theory) w ould regard a ll such ru le s as 
co n d itio n /a c tio n  p a irs  in  w h ich  the cond ition  is  defined by the  le ft-h a n d  
side and the  action  is  a recipe fo r construction  o f the rig h t-h a n d  side.
E m p irica l support fo r bo th  o f the proposed cond itions o f v isu a l 
salience is  now given from  students’ in te rv iew  protoco ls.
R epetition o f E lem ents
There is  support from  the  in te rv iew  da ta fo r the re p e titio n  o f 
elem ents con d ition  o f v isu a l salience. For exam ple, one sub ject w orking
X w xwin  o rd in a ry  no ta tio n  on (—)(—) = — stated it  was easy to  leam  "becausey  z yz
you ju s t p u t the  same th in g " on bo th sides o f the  equation. A nother 
sub ject said i t  was easy to  leam , because "those (term s] are going 
s tra ig h t up  and the  o ther ones are [positioned to  the ] side." The sub ject 
was re fe rrin g  to  the  reoccurrence o f elem ents on the  le ft and rig h t sides 
o f the  ru le , p a rtic u la rly  the ve rtica l and ho rizon ta l ju x ta p o s itio n  parsing
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elem ents. Indeed, n o t on ly do the  elem ents "x ," "y," "w ," "z," and 
repeat, b u t so does the  ve rtica l ju x ta p o s itio n  and the  c ritic a l h o rizo n ta l 
ju x ta p o s tio n  elem ents.
W hen asked w hy she had m arked (1) (xy)"1 = x y_1 (a fo rm  o f 
(xm)n = x™ ) as easier to  leam  th a n  (2) x (y !) = _ , one stu d e n t rem arked,
y
"A ll you have to  do is  take away the parentheses [on the  firs t ru le ]." T h is 
sub ject along w ith  several others were n o tic in g  the  re p e titio n  o f elem ents 
co n d itio n  in  the  firs t ru le . B oth sides o f the  firs t ru le  co n ta in  the 
elem ents "x," "y," "-1 ," d iagonal ju x ta p o s itio n , and ho rizo n ta l 
ju x ta p o s itio n , and on ly d iffe r in  th a t the  le ft side con ta ins "(" and ")" and 
the  rig h t side conta ins The second ru le  g rea tly  d iffe rs  in  elem ents, 
since the  le ft side conta ins the  elem ents "x," "y," ”- l , "  "(," ")," d iagonal 
ju x ta p o s itio n , and h o rizo n ta l ju x ta p o s itio n , b u t the  rig h t side on ly 
con ta ins the  elem ents "x," " y , " a n d  ve rtica l ju x ta p o s itio n .
There is  also support in  students’ reports o f d iffic u ltie s . One 
s tud en t found the difference o f squares ru le  d iffic u lt "because you don’t  
p u t any tw os in  it .  I always th in k  there should be some twos in  the re  [on 
the  rig h t side o f the  equation]." A nother sub ject p o in tin g  to  the  ru le  
(x - l) 2 = (x2 - 2x) + 1 said, "I [keep th in k in g ] you ’re  to  m u ltip ly  one and 
tw o . . . and subtract one [ita lic s  added] o r som ething," in d ica tin g  the 
desire fo r re p e titio n  o f the  su b tra c tio n . R eferring to  the  same ru le ,
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another sub ject said, 'Y ou have to  rem em ber to  add the  one and not 
subtract [ita lic s  added] i t  and n o t m u ltip ly  it."  Such p ropo sitiona l 
re flection s about the  s tru c tu re s  o f ru le s  seem to  be s tim u la ted  b y the  
absence o f the  re p e titio n  o f elem ents.
Indeed, m ore elaborate sem antic connections sp rin g  up  to  deal 
w ith  absence o f re p e titio n  o f elem ents in  a tra nsfo rm a tio n . F or exam ple, 
one sub ject th o u g h t the d ifference o f squares ru le  was easy to  rem em ber, 
since "the tw o [square] te lls  bo th  o f them  [the  x  and y ] to  double each 
o th e r and [you] ju s t p u t m inus and p lu s  and p u t them  in  parentheses." 
The sub ject in  try in g  to  leam  th is  p ro p o s itio n a l ru le  has found it  use fu l 
to  re fe r to  the  m eaning o f the  elem ent "2 ," (though th is  reasoning is  
un re la ted  to  va lid  m athem atica l deductions).
D ynam ic V isu a l D isplacem ent o f E lem ents
There is  also support from  the  sub ject in te rv iew  da ta  fo r the  
dynam ic v isu a l displacem ent o f elem ents con d ition  o f v isu a l salience.
S ubjects w orking  in  o rd in a ry  algebra no ta tio n  selected the  
m u ltip lic a tio n  o f fra c tio n s ru le  as be ing easier th a n  (x - y) + (w - z) = 
(x + w) - (y + z). A lthough bo th  ru le s have the  same p ropo sitiona l 
s tru c tu re  (see the  next section fo r a fu lle r discussion) and genera lly 
sa tis fy  the  re p e titio n  o f elem ents co n d ition  o f v isu a l transfo rm a tions, 
o n ly  the  m u ltip lic a tio n  o f fra c tio n s ru le  presents a v isu a l reparsing  o f 
elem ents.
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One sub ject w orking  in  o rd in a ry  algebra n o ta tio n  said it  was "the 
sequence togetherfness]" o f the firs t ru le  th a t made i t  easier to  leam , 
apparen tly n o tic in g  a v isu a lly  coherent tra nsfo rm a tio na l linkage between 
the  le ft and rig h t sides o f the  ru le . A nother sub ject said the  firs t ru le  
was easier to  leam  "because . . .  a ll you have to  do is  connect th a t lin e  
and take o ff the  parentheses." A nother p a rtic ip a n t responding as to  w hy 
the  la tte r ru le  was m ore d iffic u lt to  leam  said, "This one is  ju s t longer 
and takes m ore practice  th a n  th is  one. W hat you could re a lly  do is  take 
th a t rig h t the re  [the le ft side o f the  m u ltip lic a tio n  o f fra c tio n s ru le ] and 
add a little  lin e  and there ’s you r answer. So th a t one w ou ld be easier." 
These subjects have verbalized a v isu a l reparsing a lgorithm  to  
dynam ica lly transfo rm  the  elem ents on the le ft side o f the  ru le  in to  those 
on the rig h t side by rem oving the parentheses elem ents and h o rizo n ta lly  
ju x ta p o s in g  the  num erators and the denom inators.
One sub ject m arked (x7)-1 = x y _1 as easier to  leam  th a n  
x(y_1) = _ , "because the  y  is  up (ita lics  added) w ith  the  negative one and
a ll you have to  do is  bring it  up (ita lic s  added) a little  b it m ore and p u t a 
decim al between them  as m u ltip lica tio n ." A nother sub ject re fe rrin g  to  
the  fo rm er ru le  said, "O n th is  one a ll you do is  ju s t take o u t the 
parentheses and in  th is  case, m u ltip ly ." B oth subjects seem to  be 
describ ing the v isu a l reparsing feature o f the  firs t ru le . W hen the
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parentheses are rem oved, the  "-1 " elem ent bonds w ith  the  "y ," the 
elem ent nearest to  it.
T h is second cond ition  o f v isu a l salience in  tra nsfo rm a tio ns is  also 
supported by students’ reports o f d iffic u ltie s . Rules w ith  an absent 
v isu a l reparsing o f elem ents are ha rde r to  lea rn . One sub ject w o rk in g  in  
o rd in a ry  n o ta tio n  stated some ru le s  were ha rde r because "you had to 
change so m any th in g s," whereas fo r easier ru le s  "you ju s t had to  do the 
same th in g . You h a rd ly  do an yth ing ." The difference o f squares ru le  was 
ra ted  as being hard, because "you have to  change a ll o f it"  and "whenever 
you get fin ish ed  w ith  the  answer, i t  doesn’t  look an yth ing  lik e  the  re s t o f
it."  A lthough x(y_1) = — is  sh o rt in  length , i t  was sa id  to  be ha rd , 
because "you have to  change it,"  in  com parison to  the  s lig h t v isu a l 
change o f (xy)_1 = x y_1-
It  should be m entioned th a t syn tactic  tree n o ta tio n  is  also a v isu a l 
n o ta tio n . S ubjects interview ed in  the  study found  the  n o ta tio n  to  be 
s tro n g ly  v isu a l and used the s im ila rity  o f the le ft and rig h t trees o f the 
ru le s  to  m atch s im ila r pa tte rns. A lthough tree n o ta tio n  often sa tisfies 
the  re p e titio n  o f elem ents cond ition  o f v isu a l salience in  ru le s  in  o rd in a ry  
n o ta tio n , i t  does n o t con ta in  the  same type o f v isu a l repars ing  o f 
elem ents between the tw o sides o f a ru le . Thus syn ta ctic  tree n o ta tio n  
seems to  s ig n ifica n tly  d iffe r from  o rd in a ry  a lgebraic n o ta tio n .
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V isu a l S im ila rity  Reconsidered
R ecall s ig n ifica n t problem s e x is t w ith  the  re je ction  tasks used in  
the  stud y. They were devised to  a llow  eva luation  o f sub jects’ a b ility  to  
co n stra in  overgeneralization tendencies o f p ro p o s itio n a lly  s im ila r 
expressions, instead o f visua lly  s im ila r expressions.
I t  is  suggested th a t v is u a lly  seductive re je ction  tasks requ ire  th a t: 
(1) the  re je c tio n  ta sk  be v is u a lly  s im ila r to  the le ft side o f a ru le  used in  
the  s tudy; and (2) the re  exist a v isu a l reparsing o f elem ents between the 
le ft and rig h t sides o f the  re je ction  task. The second considera tion  was 
n o t acknowledged in  creating  re je ction  tasks fo r the  study.
For instance, x 5^  = x 2y* was used as a re je ction  item  fo r the  ru le  
(xy)2 = x 2y2. A lthough  the  le ft side o f the  re jection  item  conta ins the  same 
sym bols as does the ru le , no v isu a l reparsing exists between the  le ft and 
rig h t side o f the re je ction  expression. The proposed re je ction  task 
(x + y)2 = x2 + y2 is  b o th  s im ila r to  the ru le  and preserves sym bol linkage 
s im ila rly  to  th a t in  the  ru le .
A ppendix J  provides proposed replacem ents fo r some o f the 
re je c tio n  tasks used in  the study. These re jection  ta sk  replacem ents are 
s im ila r to  the  above exam ple, and a ll b e tte r preserve the  d y n am ic, 
m ovem ent found in  the  s tru c tu re  o f the ru le  th a n  th e ir counte rpa rts 
w h ich  were used in  th e  study.
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I t  is  predicted th a t con stra in ing  overgeneralization tendencies fo r 
such expressions w ou ld be m ore d iffic u lt th a n  fo r the  re jection  tasks 
used in  the  study. U sing an in s tru m e n t in c lu d in g  these tasks m igh t, 
then , provide b e tte r support fo r the  hypothesis in vo lv in g  re jection  tasks.
R ule C om parison 
The p o in t o f d iscussion is  the com parison o f the  ru les,
(1 ) (£ f)(^ ) = —  and (2) (x - y) + (w - z) = (x + w) - (y + z). 
y  z yz
These tw o ru le s  were chosen because they have the same p ropositiona l 
s tru c tu re , b u t w ith  m u ltip lic a tio n  and d iv is ion  exchanged fo r a d d itio n  
and su b tra c tio n , respectively. The s im ila rity  o f the tw o ru le s  is evident 
in  the  tree n o ta tio n , fo r w h ich  the percents answered co rrectly  were 
n e a rly  id e n tica l (67% and 68% , respectively). A lso in  tree no ta tio n , the 
q u a lita tive  in s tru m e n t ind ica ted  82% chose ru le  (1) as being easy to  
leam  and 70% chose ru le  (2) as being easy to  leam .
W hereas re su lts  in  tree n o ta tio n  (percent answered correctly) were 
n e a rly  id e n tica l fo r these item s, the scores in  o rd in a ry  algebra n o ta tio n  
were 73% and 45% , respective ly. The s im ila rity  o f ru le  (1) to  a rith m e tic  
m u ltip lic a tio n  o f fra ctions m ig h t account fo r the in fla te d  73% (com pared
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to  67% ), b u t the  45% (com pared to  68%) seems to  be exp la inable on ly in  
term s o f v isu a l salience. T hat is , a lthough ru le  (2) was the  easiest 
recogn ition  ta sk  in  tree n o ta tio n  in  the study, on ly  its  la ck  o f v isu a l 
salience can exp la in its  re la tive  d iffic u lty  in  o rd in a ry  n o ta tio n . T h is is  
supported by the data from  the  q u a lita tive  in s tru m e n t in  th a t in  the 
o rd in a ry  algebra no ta tion , 96% reported ru le  (1) as easy, b u t on ly  43% 
reported ru le  (2) as easy.
I t  m igh t be added th a t the  reason these tw o ru le s  were so m uch 
easier (h igher scores) th a n  o ther ru le s in  tree n o ta tio n  cou ld be tw o-fo ld : 
(1) the  le ft and rig h t side o f each ru le  are very s im ila r, th a t is  the  ru les 
are cogn itive ly sim pler; a n d /o r (2) the  tw o ru le s  were s im ila r to  each 
o ther, th a t is  the ru les re in forced each o ther and le a rn in g  tra n s fe r 
occurred d u rin g  ru le  a cq u is ition . The firs t p o in t is  evidenced fro m  the 
fa c t th a t several students d u rin g  the  in terview s ra ted ru le  (2) as being 
the easiest ru le  to  leam , because they noticed the s im ila r tree pa tte rns 
o f the  le ft and rig h t tree diagram s. Responses ind ica ted  th a t those 
w o rk in g  in  tree n o ta tio n  were e x p lic itly  m atch ing pa tte rns (a 
p ropo sitiona l process).
I t  should be m entioned th a t a lthough sim ila r  sym bols on the  le ft- 
and rig h t-h a n d  side o f a ru le  help m ake ru le s easier to  leam , s im ila rity  
between d iffe re n t ru le s causes lea rn ing  co n flic t. For exam ple, one
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sub ject said th a t x(y_1) = — and (x7)-1 = x7" 1 "look the same, especia lly
i f  you’re a little  nervous fo r the  te s t." I t  is  hypothesized th a t such is  tru e  
m ore so fo r v isu a l ru les since they lack a p repo sitiona l basis.
Gender D ifferences in  M athem atical Achievem ent 
G ender differences in  m athem atica l perform ance have been noted 
(NAEP, 1975; NAEP, 1981) w ith  stud ies in d ica tin g  th a t m ales genera lly 
perform  b e tte r th a n  fem ales on abstract reasoning s k ills . C ognitive style  
facto rs have been proposed as possible exp lanations fo r p a rt o f these 
differences (Fennema, 1975; W itk in  &  Goodenough, 1981).
One cognitive style  m easure th a t has p a rtic u la rly  been noted is  
sp a tia l/v isu a liza tio n  s k ill (B urton, W agner, L im , &  Levy, 1992; Kerns &  
Berenbaum , 1991; M accoby &  Ja ck lin , 1974), w h ich  often is  m easured 
by some type o f m enta l ro ta tio n  ta sk  (Geary, G ilger, &  E llio tt-M ille r, 
1992). M ental ro ta tio n  tasks are a class o f problem s in  w h ich  subjects 
are given pa irs o f le tte rs  o r abstract objects and the sub jects’ ta sk  is  to  
determ ine w hether the pa irs are tw o d iffe re n t views o f the same ob ject o r 
a view  o f tw o d iffe re n t objects. The pa irs o f objects w h ich  represent tw o 
d iffe re n t views o f the  same object u su a lly  d iffe r by some angu la r 
d isp a rity  o f e ith e r a p la na r o r depth ro ta tio n .
S pa tia l v isu a liza tio n  a b ility  appears to  be associated w ith  some 
elem ents in  m athem atics as was noted by Fenem ma (1975):
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I t  appears reasonable, therefore, to  hypothesize th a t since there is  
a concu rren t developm ental tre nd  and since tests o f sp a tia l 
v isu a liza tio n  a b ility  con ta in  m any o f the  same elem ents contained 
in  m athem atics, the  tw o m ig h t be re la ted . Perhaps less adequate 
sp a tia l v isu a liza tio n  a b ility  m ay p a rtia lly  exp la in  g irls  in fe rio r 
perform ance in  m athem atics. However, there are no da ta ava ilable 
w h ich  enables (sic) one to  accept o r to  re je c t th is  hypothesis, (p. 
37)
As she notes, however, w ha t a c tu a lly  con stitu te s th is  re la tio n sh ip  
between sp a tia l v isu a liza tio n  a b ility  and m athem atica l perform ance has 
n o t been determ ined.
T h is s tu d y provides a possible exp lanation  fo r ways in  w h ich  
v is u a l/s p a tia l s k ill enters d ire c tly  in to  the lea rn in g  o f algebra. The v isu a l 
tra n sfo rm a tio n  o f elem ents in  a v is u a lly  sa lie n t ru le  is  s im ila r to  m ental 
ro ta tio n  tasks in  cognitive psychology w h ich  requ ire  some 
s p a tia l/s tru c tu ra l v isu a liza tio n  a b ility .
If, as proposed here, the  v isu a l s tru c tu re  o f algebraic 
tra nsfo rm a tio ns m ay be m ore accessible to  persons w ith  h igh  
s p a tia l/v is u a l ca p ab ility , i t  s till needs to  be explained how  th is  
con stitu te s an advantage tow ards lea rn ing  algebra. R ecall th a t v isu a l 
apprehension o f algebra ru le s m itiga tes against the  p repo sitiona l
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understand ings th a t u ltim a te ly  are needed to  successfu lly constra in  
overgeneralization.
The so lu tio n  to  th is  puzzle concerns the  w ay in  w h ich  the  school 
le a rn in g  o f algebra is  organized. As K irshn er (1989b) noted, standard 
c u rric u la  do n o t provide consistent and susta ined p repo sitiona l 
exp lanations on v isu a l apprehension o f ru les. They im p lic itly  re ly  on 
stud en ts ’ v isu a l acq u is itio n . Thus the  on ly ro u te  to  genuine m astery is  
firs t to  apprehend the  v isu a l s tru c tu re s , and la te r (independently) to 
re s tru c tu re  th a t lea rn ing  in  a p repo sitiona l m oda lity. Thus fie ld  
dependent learners are system atica lly disadvantaged by th e  organ ization 
o f algebra in s tru c tio n  in  schools. T h is observation provides an 
exp lana tion  of, and possible rem edies fo r, g irls  in fe rio r perform ance in  
algebra (see Pedagogical Im p lica tion s section).
E rro r A nalysis
T h is s tud y has research im p lica tions fo r e rro r ana lysis in  
e lem entary algebra. As discussed in  C hapter Two, several stud ies in  the 
psychology o f algebra lite ra tu re  concern errors in  algebra (C arry, Lew is, 
&  B ernard , 1980; D avis &  M cK night, 1979; M atz, 1980; W agner, 
R ach lin , &  Jensen, 1984). G enerally w ha t has been observed is  th a t
ce rta in  e rro rs  (e.g., (x + y)2 = x2 + y2, a + ^  = —, Vx  + y  = >/* + V y) area + c c
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w ide ly encountered, and m ay be extrem ely d iffic u lt to  rem ediate. The 
present hypothesis helps us to  understand the source o f these e rro rs.
M ost o f the common errors in  algebra lea rn ing  lite ra tu re  can be 
traced to  ce rta in  v isu a l transfo rm ations. For exam ple, the  e rro rs noted
babove can be traced to  the  v isu a l ru le s (xy)2 = x2y2, —  = —, and
ac c
\Zxy~ = >/x*\/y respectively (Davis, Jockusch, & M cK nigh t 1978; K irshner,
1989b; Laursen, 1978; M atz, 1980; Schwartzm an, 1977).
The cu rre n t theory aids us in  understand ing the source o f these 
errors as re s id ing  in  the v isu a l transfo rm ations. Because o f th e ir v isu a l 
salience, the  v isu a l ru les have been easily apprehended in itia lly , b u t less 
easily understood in  the underly ing  p repositiona l term s th a t m igh t 
constra in  th e ir overgeneralization.
The educational p rescrip tio n  is  to  fin d  ways to  problem atize these 
transfo rm ations a t the  early lea rn ing  stages so th a t they are m ore fu lly  
apprehended a t th a t in itia l acq u is ition . The p repo sitiona l n a tu re  o f the 
ru le s needs to  be stressed to  such a degree as to  overru le the  entrapm ent 
o f the v isu a l salience o f the  ru le . S tudents w ill on ly the n  be able to  
constra in  th e ir overgeneralization tendencies. I f  the hypothesis is  
correct, successful in s tru c tio n a l strategies m ust stress the  p repo sitiona l 
na tu re  o f ru le s  th a t are v isu a lly  sa lien t.
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Since conceptions o f m athem atics he ld  by teachers p la y a 
sig n ific an t ro le  in  m athem atics teaching and behavior (Thom pson, 1984), 
i t  fo llow s th a t m ore in s ig h tfu l conceptions held by teachers w ou ld  help 
im prove the  q u a lity  o f m athem atics teaching. T h is s tud y a ttem pts to  
provide in s ig h ts  in to  the na tu re  o f algebraic expressions and ru les, 
he lp ing  fu rth e r exp la in  w hy algebra is  so d iffic u lt fo r so m any students, 
and consequently he lp ing  teachers to  be m ore effective in  th e ir 
m athem atics in s tru c tio n .
Pedagogical Im plications
There are several pedagogical approaches to  the  secondary school 
algebra cu rricu lu m . For exam ple, K irshner (1993) notes structura l, 
em pirica l and d r ill approaches. The s tru c tu ra l approach tra in s  students 
in  "e xp lic it reasoning and log ica l deduction" (p. 2) using  sym bol 
m a n ip u la tio n  exercises. The em pirica l approach em phasizes re fe re n tia l 
dom ains as being c ritic a l to  studen t understand ing o f ru le s  and 
procedures. The d r ill approach sees studen t know ledge as being 
constructed from  the  repe titive  practice o f tasks.
Because o f previous theo re tica l assum ptions, the  fa ilu re  o f a 
s tru c tu ra l cu rricu lu m  m ust re su lt from  im proper im plem entation a n d /o r 
in h e re n t com plexity o f the content its e lf. Indeed, the  reasons cited  fo r 
abandonm ent o f the 1960s and 1970s "new m ath" s tru c tu ra l approach
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inc lud ed  bo th : im proper p repa ra tion  o f and im plem enta tion  by teachers, 
and in h e re n t com plexity and abstractness (NACOME, 1975).
I t  is  proposed th a t the  approach fa ile d , n o t because o f in h e re n t 
abstractness, b u t because v isu a lly  sa lie n t ru le s  are deceptively sim ple. 
K irsh n e r (1993) proposes:
The d iffic u ltie s  encountered w ith  the s tru c tu ra l approach do no t 
stem  from  its  in h e re n t abstractness o r deductive com plexity, b u t 
from  p a rtic u la r v isu a l cha racte ris tics o f algebraic language th a t 
fa c ilita te  su p e rfic ia l a ss im ila tion  a t the expense o f re flective  
engagem ent, (p. 4)
T h is s tud y supports such a perspective by p rov id ing  evidence th a t the 
v isu a l cha racte ris tics o f ru le s  support easy in itia l apprehension w ith  
w eak p ro p o s itio n a l representa tion . A  s tru c tu ra l cu rricu lu m  m odified so 
as to  elim in ate the  re liance  on v isu a l features m ig h t then  be a viab le  
cu rricu lu m .
W ith in  s tru c tu ra l pedagogy, there are a num ber o f possible 
approaches supported b y  th is  study. Several o f these approaches w ill be 
considered, however, firs t we discuss tw o va ria n ts  o f tra d itio n a l 
in s tru c tio n : the  lectu re  and d r ill approach: and the  d rill-o n ly  approach.
Lecture and D rill Approach 
A  typ ica l algebra classroom  teaches a new  to p ic  by  the  teacher firs t 
exp lica ting  the  to p ic  a t the fro n t o f the  class, follow ed w ith  in d iv id u a l
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s tud en t p ractice  (NCTM, 1989). T h is teaching m ethod does a ttem pt to 
teach p re p o s itio n a l know ledge, since teacher exp lanations are generally 
p ro p o s itio n a lly  grounded.
Take fo r exam ple the  teaching o f a new  tra nsfo rm a tio n . The 
s tu d e n t m u st understand the  contexts in  w h ich  the tra n sfo rm a tio n  can 
be applied and leam  how  to  app ly the tra nsfo rm a tio n . B u t these 
contexts are syn ta ctic  contexts, and th e ir e xp lic it recogn ition  and 
a p p lica tio n  requ ire  e xp lic it pa rsing  and transfo rm a tiona l knowledge. The 
cu rre n t s tud y and the  K irsh n e r (1989b) s tud y im p lica te  the  v isua l 
s tru c tu re  o f algebra (as opposed to  the  p repositiona l s tru c tu re ) as th a t 
s tru c tu re  w h ich  is  in itia lly  acquired by some students. The problem  is  
th a t a lthough the  teacher com m unicates p repo sitiona l in fo rm a tio n , a 
lea rn e r w ith  an inadequate p repo sitiona l base can n o t understand it  in  
those term s. Thus, the  teacher w h ile  in te n d in g  to  provide p repositiona l 
access fo r the  studen t m ay be unsuccessfu l in  th is  e ffo rt.
A  lea rne r w ho can n o t understand the  p repo sitiona l basis o f a new 
to p ic  can on ly  leam  from  the  practice  o f exercises - the  know ledge often 
be ing grounded in  the v isu a l m edium  o f the tasks. The lea rne r having 
inadequate p repo sitiona l too ls, then, leam s the  v isu a l s tru c tu re  as 
opposed to  the desired p repo sitiona l s tru c tu re  o f the  new  tasks. The 
fa ilu re  o f th is  teaching m ethod re su lts  from  the  fa ilu re  o f studen ts to  
apprehend top ics in  p repo sitiona l term s.
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D rill-O n ly  Approach
Since the lectu re  o f the le c tu re /d rill approach genera lly fa ils  to  
com m unicate p repositiona l in fo rm a tio n  to  the students, i t  is  possible a 
d rill-o n ly  approach m igh t be m ore successful. Indeed, such approaches 
do exist (e.g., Kum on M ath; Saxon, 1990, 1991) and are genera lly m ore 
successful tha n  standard le c tu re /d rill m ethods.
T h is approach in  p rovid ing  on ly the  v isu a l m edium  o f the  tasks to  
the  studen t fa ils  to  com m unicate p repositiona l in fo rm a tion . The lea rne r 
w ho does n o t have an adequate p repositiona l base w ith  w h ich  to  leam  
is  again forced to  leam  v isu a lly .
N either o f these tra d itio n a l approaches is  supported by the study, 
because o f th e ir fa ilu re  to  com m unicate the  p repositiona l n a tu re  in  ru le  
lea rn ing . The study does support, however, a num ber o f approaches 
w ith in  a s tru c tu ra l pedagogy.
N otations
N otations w h ich d is to rt v isu a l features and accentuate 
p repo sitiona l features m ay be used. I t  is  argued th a t the  in itia l 
apprehension o f the  p repositiona l na tu re  o f ru les is  strengthened by 
presenting a v is ib le  d isp lay o f the underly ing  p repositiona l basis o f the  
ru le s  w ith  th e ir teaching. L a rk in  (1989) proposes the use o f "ra ised tile s " 
as a v isu a l m anipu la tive  co u n te ip a rt to  the  ru le s o f algebraic 
m a n ipu la tion . Learning to  solve equations in  a tile  environm ent and
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co n stru ct appropria te tile s  fo r expressions is  encouraged p rio r to  so lving 
equations in  o rd in a ry  no ta tio n .
O ther researchers have used nonce no ta tions (K irshner, 1987; 
1989b) and syn tactic  trees (Thom pson, 1989; Thom pson &  Thom pson, 
1987). In  the  la tte r study, students exam ined the  s tru c tu re  o f 
expressions using  a com puter program  w h ich  presented expressions 
together w ith  th e ir corresponding syn tactic  trees. S tudents were allow ed 
to  m anipu la te  expressions, b u t were constra ined to  opera ting on ly 
th roug h  th e ir s tru c tu re . R esults o f the study ind ica ted  th a t e rro rs due 
to  in a tte n tio n  to  s tru c tu re  became in frequen t.
The weakness o f such proposals is  th a t students m u st e ith e r 
re w rite  in  o r be ta u g h t no ta tions d iffe re n t from  o rd in a ry  algebra no ta tio n . 
In  a d d itio n  to  the problem  o f p reparing and supp ly ing  teachers w ith  
supplem entary aids (such as L a rk in ’s "ra ised tile s "), studen ts m ay 
become dependent upon these new no ta tions to  determ ine the  s tru c tu re  
o f expressions a n d /o r fa il to  understand the connection between such 
no ta tions and o rd ina ry algebra no ta tion .
P resentation o f C ognitively S im ila r Rules 
A  p resenta tion  o f ru le s  organized according to  cognitive s im ila rity  
m ay be used as a possible approach to  a s tru c tu ra l cu rricu lu m . Such 
a p resenta tion  serves to  strengthen the p ropositiona l s tru c tu re  o f ru le s 
by accentuating th e ir s im ila r s tru c tu re . For exam ple, K irshn e r (1987)
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provides a lis tin g  o f various transfo rm a tions grouped according to  
c o m m u ta tiv ity , a s s o c ia tiv ity , re -re p re se n ta tio n , d is tr ib u tiv ity , 
cance lla tion , and po lynom ia l types. In  p a rtic u la r, h is  a sso c ia tiv ity  
category includes (x + y) + z = x  + {y + z), (x + y) - z = x  + (y - z),
(xy)z = x(yz), (-x)y = -(xy), —  = x-Z , \/x7~ = C jx)7, —  = - Z ,  —  =
z z y  y  - y  y
and W  = x ^ .
P resentation o f C ognitive ly S im ila r Rules U sing an U n fa m ilia r N ota tion 
It  is  possible to  com bine the previous tw o approaches by 
p resen ting  cogn itive ly s im ila r ru le s  using  an u n fa m ilia r n o ta tio n . R ecall, 
fo r exam ple, the  m u ltip lic a tio n  o f tw o fra c tio n s ru le  is  s im ila r in  
s tru c tu re  to  (x - y) + (w - z) = (x + w) - (y + z), a lthough  the s im ila rity  is  
n o t apparent in  o rd ina ry n o ta tio n . The s im ila rity  is  re a d ily  seen in  tree 
n o ta tio n  and was noticed by several studen ts d u rin g  the  in te rv iew  
sessions. I f  the  m u ltip lic a tio n  o f fra c tio n s ru le  is  re w ritte n  in  the  
a rith m e tic  fo rm  ( a r b )  x (c r  d) = (a x c) t  (b x d), the  s im ila rity  between 
the  ru le s  is  m ore easily no ticed. Learn ing tra n s fe r can now  occur 
between the tw o ru les in  o rd in a iy  n o ta tio n  as i t  d id  in  tree n o ta tio n  in  
the study.
The G eneralized D is trib u tive  Law (K irshner, 1987) is  cited as 
another exam ple o f an organ ization o f p ro p o s itio n a lly  in s tan tia ted  ru le s . 
The ru le  s im p ly  stated is  "Any operation rig h t d is trib u te s  over any one
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lesser level operation" (p. 201) w ith  a d d itio n  and su b tra c tio n  being level 
1, m u ltip lic a tio n  and d iv is io n  being level 2, and ra d ica l and 
exponentia tion  being level 3 in  the  h ie ra rch y o f operations. Th is law  
incorpora tes e igh t independent d is trib u tiv e  ru le s in to  a  sing le  ru le .
I now  propose a p ropo sitiona l ru le  (a lthough ad hoc in  nature) 
w h ich  w ou ld problem atize the  in itia l apprehension o f the  m u ltip lic a tio n  
o f fra c tio n s  ru le  in  such a w ay as to  create a p ropo sitiona l basis fo r it. 
The ru le  is  based on the  sim ple h ie ra rch y o f operations:
Level 1 operations are a d d itio n  and su b tra ctio n  
Level 2 operations are m u ltip lic a tio n  and d iv is ion .
The G eneralized G rouping Rule (GGR) states,
(a 0  b) <E> (c 0  d) = (a <J) c) 0  (b <& d)
w here 10 1 = | <I> | and | <3>| *  3. (If is  an opera tion, then  " | * | " is  its  
opera tion level.) Level 3 (exponent and rad ica l) is  absent since the 
proposed ru le  does n o t ho ld  tru e  fo r these operations.
The GGR represents s ix  ru le s  th a t are cogn itive ly s im ila r:
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Level 1 O peration: (a + b) + (c + d) = (a + c) + (b + d)
(a - b) - (c - d) = (a - c) - (b - d)
(a - b) + (c - d) = (a + c) - (b + d)
Level 2 O peration: (ab)(cd) = (ac)(bd)
( - ) ( - ) acb d “  bd
(£ ) ( - )b c
(£ ) ( | j
d d
Teaching such a ru le  m igh t focus students on propositiona l
s tru c tu re s such as operation levels. E rro rs such as ^  = a + C, can
b d b + d
be reasoned as in va lid , because the GGR does n o t apply to  expressions 
w ith  d iffe re n t level operations. W hereas th is  type o f approach has the 
lim ita tio n s  o f an u n fa m ilia r  no ta tion , the power o f presenting sim ila r  
propo sitiona l s tru ctu re s makes it  m ore w orthw h ile  th a n  a sim ple 
a rb itra ry  change in  no ta tion . The advantages o f a ru le  such as the GGR 
are tw o-fo ld : (1) i t  provides e xp lic it connections between cogn itive ly 
s im ila r ru le s  (and therefore fa c ilita tin g  lea rn ing  transfe r), and (2) it  
provides a p ropositiona l basis on w hich to  com pare contexts fo r va lid  
genera lizations.
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V erbal S upport System  
U sing a verba l support system  (VSS) such as the  one proposed by 
K irsh n e r (1993) is  another possible approach to  a s tru c tu ra l cu rricu lu m . 
Since successful operation in  the tra n sfo rm a tio n a l com ponent is  based 
upon p ropo sitiona l pa rsing  h ie ra rch y know ledge, he proposes using  a 
VSS "to  in s ta n tia te  p ropositiona l aspects o f pa rsing  s tru c tu re " (1993, p. 
13).
Expressions are defined as having a dom inant o r princ ipa l 
opera tion, w h ich  according to  the  pa rsing  h ie ra rch y is  the  least 
precedent operation. The two subexpressions connected b y the 
dom inant operation are princ ipa l subexpressions. As a re su lt, standard 
m athem atica l term s such as fa c to r o r te im  can be defined us in g  th is  
lexicon . Factor can be defined as "the p rin c ip a l subexpressions o f an 
expression whose dom inant operation is  m u ltip lica tio n " (K irshner, 1993, 
p. 13). Term  can be defined as the  p rin c ip a l subexpressions o f an 
expression whose dom inant operation is  a d d ition . The e x p lic it 
p ropo sitiona l account o f syn tactic s tru c tu re  provides a m eans o f 
p ropo sitiona l access to  transfo rm ations fo r studen ts. A  verba l support 
system  provides a means to  e x p lic itly  discuss and describe
transform ations in  propositional terms. For example, cancellation ru le —  = —
ac c
can be explained as p e rm ittin g  cance lla tion  o f com m on facto rs o f the
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num era to r and denom inator o f a fra c tio n a l expression. B u t there now  
is  a p ropo sitiona l basis fo r understand ing  th is  d e fin itio n  th a t can 
con stra in  overgeneralization tendencies.
C onsider the com m on m a l-ru le  Its  leg itim acy can nowa. + c c
be discussed e x p lic itly  in  term s o f the  correct cance lla tion  law . 
M astering such a p ro p o s itio n a lly  in s ta n tia te d  vocabula ry becomes 
c ritic a l in  crea ting  a p ropo sitiona l basis fo r tra nsfo rm a tio n  lea rn ing , 
since the  v isu a l salience o f the  n o ta tio n  w ill s till serve to  seduce students 
tow ards overgeneralization.
To sum m arize, students’ d iffic u ltie s  in  an abstract p ropo sitiona l 
dom ain are exacerbated by the unconscious a cq u is itio n  o f v isu a l ru les 
o f a lgebraic syntax (K irshner, 1989b). The novice w ho is  n o t ye t m ature 
enough in  p ropo sitiona l knowledge to  overcome the  seductiveness o f 
v is u a l salience is  unable to  con stra in  th e  tendency to  overgeneralize. 
S uccessful in s tru c tio n a l strategies m u st th e n  stress the  p ropo sitiona l 
s tru c tu re  o f transfo rm ations in  the early lea rn ing  stages in  order to  
overru le  the  entrapm ent o f v isu a l salience. O nly th e n  w ill s tuden ts be 
able to  con stra in  overgeneralization tendencies.
Balanced C u rricu lu m  C onclusion 
The objective is  n o t to  in s is t upon a p u re ly  s tru c tu ra l algebra 
c u rricu lu m , b u t ra th e r a balanced cu rricu lu m  e n ta ilin g  bo th  s tru c tu ra l
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and em p irica l approaches to  algebra (K irshner, 1993). N ot on ly is  the 
em p irica l view  o f em phasizing re fe re n tia l dom ains (whenever possible) 
included , b u t so is  "lea rn ing  to  reason w ith in  a closed (re fe ren tia lly  
trunca ted) system " (K irshner, 1993, p. 14).
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RETENTION TEST INSTRUMENT 
(SYNTACTIC TREE NOTATION)
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0 0 ^  ( ^ © ( 5  © © z ^ ^ )  t h e s e
E l  1=] NONE
© X j ^ ©  £  © G ©  t h e s e
NONE
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E E ®  NONE
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x  + y  
"x add y"
"add ition  o f y  to x" 
M ultiplication
"x m u ltip ly  y" 




"power o f y  on x"
S u b tra c tio n
x - y
"x sub tract y" 




"x divided by y"
"d iv is ion  o f y  in to  x"













"x m u ltip ly  y" 





"power o f y  on x"
Subtraction
"x sub tract y" 
"sub traction  o f y  from  x"
D ivision
[ d !
"x divided by y" 
"d ivis ion o f y  in to  x"
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Notation Examples
(1) -3(x2)
(2) (w + y)2
(3)
X
(4) w 2 - 2y
(5) x3 + y4
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EXAMPLES OF ALGEBRAIC EXPRESSIONS 
(SYNTACTIC TREE NOTATION)
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RULE: 2(x - y) = 2x -2y
169
(1) 2(w - 8) = 2w - 2-8
(2) 2(y - z) = 2y - 2z
(3) 2(5 - 3) = 2-5 - 2-3
(4) 2(x - w) = 2x - 2w
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RULE: (x - y) + (w - z) = (x + w) - (y + z)
(1) (7 - 4) + (5 - 2) = (7 + 5) - (4 + 2)
(2) (x - 2) + (y -w) = (x + y) - (2 + w)
(3) (y - 8) + (z - 2) = (y + z) - (8 + 2)
(4) (z - x) + (6 - 1) = (z + 6) - (x + 1)
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RULE: x(y-1) = —
y
(1) 4(w-1) = —
w
(3) z(w_1) = —
w
(4) y(z_1) = Z
z
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RULE: (x^-1 = xy _1
(1) (53)"1 = 53 ' 1
(2) (w2)'1 = w2"1
(3) (z4) '1 = z4 -1
( 4 )  =  y w_1
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RULE: x2 - y2 = (x - y)(x + y)
(1) 62 - w2 = (6 - w)(6 + w)
(2) w2 - z2 = (w - z)(w + z)
(3) y2 - 92 = (y - 9)(y + 9)
(4) 82 - 22 = (8 - 2) (8 + 2)
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( i)  u £ ) ( i)  = z ? z
W X  w x
(2) (Z )(£ ) = ZZ.
4 3 4*3
(3) ( ! ) (£ )  = IL
X  w  x w
(4) (Z ) ( I)  = Z Z
X  z  x z
x w
yz
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RULE: (x - l ) 2 = (x2 - 2x) + 1
(1) (6 - l ) 2 = (62 - 2-6) + 1
(2) (w - l) 2 = (w2 - 2w) + 1
(3) (3 - l) 2 = (32 - 2-3) + 1
(4) (z - l ) 2 = (z2 - 2-z) + 1
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RULE: (xy)2 = x2y2
(1) (3w)2 = 32w2
(2) (wz)2 = w ^ 2
(3) (y4)2 = y242
(4) (zx)2 = z2x2
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RULE:
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The e igh t ru le s  th a t you learned are given below.
 2(x - y) = 2x - 2y
 (x^)-1 = x ? -1
 ( - ) ( - )  =  —y  z yz
 (xy)2 = x2y2.
 x ( r !) = -
y
 x2 - y2 = (x - y)(x + y)
 (x - y) + (w - z) = (x + w) - (y + z)
 (x - l) 2 = (x2 - 2x) + 1.
You m ay have found some ru les easy to  leam , some hard  to  lea rn , and 
some average.
1. P ut an "E" in  the b la n k  besides a ll o f the ru le s  w h ich  were easy fo r 
you to  leam .
2. P ut an "H" in  the  b la n k  besides a ll o f the ru le s w h ich  were ha rd  fo r 
you to  leam .
3. I f  some item s were ju s t average, do n o t w rite  an yth ing  in  the  b la nk.
Use the lis t o f ru le s above to  answer the  questions on the  next page.
If you have any questions, p lease raise your hand for help.
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For the  ru le s  th a t you found easier to  leam , w ha t do you th in k  i t  is  th a t 
m ade those ru les easy?
As best as you can rem em ber, w ha t m ethods d id  you use to  leam  the 
easy ru les?
For the  ru le s  th a t you found harder to  leam , w ha t do you th in k  it  is  th a t 
m ade those ru le s hard?
As best as you can rem em ber, w ha t m ethods d id  you use to  leam  the 
hard  ru les?
D id you do the  same th in gs to  leam  the easy and hard ru le s or d id  you 
do som ething d iffe ren t?  E xpla in .
Please ra ise yo u r hand when you are fin ished  and yo u r paper w ill be 
picked up.
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You m ay have found some ru le s  easy to  leam , some ha rd  to  lea m , and 
some average.
1. P u t an "E" in  the  b la n k  besides a ll o f the  ru le s  w h ich  were easy fo r 
you to  leam .
2. P ut an "H" in  the b la n k besides a ll o f the  ru le s w h ich  were ha rd  fo r 
you to  leam .
3. I f  some item s were ju s t average, do n o t w rite  a n yth in g  in  th e  b la n k . 
Use the  lis t o f ru les above to  answ er the  questions on the ne xt page.
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For the  ru le s  th a t you found easier to  leam , w ha t do you th in k  i t  is  th a t 
m ade those ru le s easy?
As best as you can rem em ber, w ha t m ethods d id  you use to  leam  the 
easy ru les?
For the  ru le s  th a t you found harder to  leam , w ha t do you th in k  i t  is  th a t 
m ade those ro les hard?
As best as you can rem em ber, w ha t m ethods d id  you use to  leam  the 
ha rd  ru les?
D id  you do the same th in gs to  leam  the easy and hard  ru le s o r d id  you 
do som ething d iffe ren t?  E xpla in .
Please ra ise  yo u r hand when you are fin ished  and yo u r paper w ill be 
p icked up.
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M r. A w tiy  ta u g h t tw o d iffe re n t classes a t B aker M idd le School and 
tw o d iffe re n t classes a t S outheast M iddle School. He ta u g h t the firs t and 
second h o u r classes a t B aker M iddle School on O ctober 13, 14, and 15. 
The th ird  and fo u rth  h o u r classes were ta u g h t a t S outheast M iddle 
School on O ctober 27, 28, and 29. In  each school one class was taugh t 
in  o rd in a ry  algebraic n o ta tio n  and the  o ther was ta u g h t in  a tree type o f 
n o ta tio n . In  a ll fo u r classes, the same eight ru le s were ta u g h t.
For each class, the fo llow ing  fo rm at was used:
D ay 1: A n in tro d u c tio n  was given and the class was asked to  cooperate. 
Then, M r. A w try  in troduced num bers, bo th positive and negative, w ith  
variab les as the sym bols o f algebra. N otation was then  in troduced  fo r 
each group: tree n o ta tio n  fo r the firs t class a t each school, the n  the 
o rd in a ry  n o ta tio n  fo r the second class a t each school. T h is no ta tio n  
included ad d ition , sub traction , m u ltip lica tio n , d iv is ion , and powers. Five 
exam ples o f these expressions were then  given in  the  appropria te 
n o ta tio n . Next the ru les were given in  the fo llow ing  fo rm at: 1. The ru le  
was in troduced. 2. A n exam ple o f th is  ru le  was shown. 3. The le ft side 
o f an exam ple o f th is  ru le  was given and the class was asked to  te ll the 
rig h t side. 4. A ll the o ther exam ples were covered and the  le ft side o f an 
exam ple given. The class was then  asked to  te ll the  rig h t side. 5. 
Process #4 was repeated and then repeated again.
Day 2 : A ll ru le s were shown a t once. Then each ru le  was shown one by
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one. An exam ple o f the  qu iz was given fo r the  class to  take . W hen the  
class was fin ished , M r. A w try  w ent over the  co rrect answers to  the  qu iz. 
D ay 3 : A ll ru le s  were shown a t once, the n  each ru le  w as show n
separately. The te s t was given and picked up w hen done. A  sheet o f 
open ended questions was handed o u t to  the  studen ts. Two to  th ree  
studen ts were taken o u t o f the  room  to  be in terview ed separately. 
Because M r. A w tiy  had to  leave the room  in  o rder to  in te rv ie w  h is  
studen ts, I was responsible fo r co llecting  the te s t and question sheet. 
T h is  was the on ly tim e I pa rtic ipa ted  in  the class.
In  every class there were a t least three o r fo u r studen ts w ho helped 
lead in  answ ering questions. Each class was ta u g h t the same way, w ith  
a ll ru le s  given about the same am ount o f tim e . A lthough , a t the  
S outheast School, the la s t ru le  was n o t covered the firs t day in  bo th  
classes, b u t i t  was covered firs t th in g  the second day. A lso, i t  needs to  
be m entioned th a t bo th  teachers d id  n o t p a rtic ip a te , b u t stayed in  the  
classroom  and served as a positive  com m unicator between M r. A w try  and 
the  students. The one in h ib itin g  fa c to r was th a t some studen ts on the  
firs t day a t Southeast M iddle School had to  leave fo r school p ic tu re s; 
however, these students were on ly gone fo r approxim ate ly five  to  te n  
m inu tes a t a tim e.
Thom as G attle
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APPENDIX J
PROPOSED REPLACEMENTS FOR REJECTION TASKS 
USED IN THE STUDY
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V isual Rules
(1) 2(x - y) = 2x - 2y
(2) (xy)2 = x2y2
(3) (x7) '1 = x^ -1
( 4 )  ( - ) ( - )  =  —  
y  z yz
P ropositiona l Rules
(5) x2 - y2 = (x - y)(x + y)
(6) (x - y) + (w - z) = (x + w) - (y + z)
(7) (x - l) 2 = (x2 - 2x) + 1
(8) x ty 1) = -y
* Proposed re jection  ta sk replacem ent
204
R ejection Task Used in  the  S tudy 
(2 - x)y = 2y - 2x
* 2(x-y) = 2x*2y
x y2 = x 2y 2
* (x + y)2 = x2 + y2 
x'y’1 = xy'_1
* x?'l) = (xy)"1
x w xw
y ~ z  yz
* X  W  X  + w* _  +   = ______
y Z y + z
R ejection Task Used in  the S tudy 
x:1 - y-1 = (x - y)(x + y)
* x2 + y2 = (x + y)(x - y)
(x - y)(w - z) = (x + w) - (y + z)
* (x - y)(w - z) = (x + w)(y + z) 
x1" 2 = (x2 - 2x) + 1
* (x - l)3 = (x3 - 3x) + 1
(xy)"1 = -
y
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